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Abstract—The distillable randomness of a bipartite quantum
state is an information-theoretic quantity equal to the largest
net rate at which shared randomness can be distilled from the
state by means of local operations and classical communication.
This quantity has been widely used as a measure of classical
correlations, and one version of it is equal to the regularized
Holevo information of the ensemble that results from measuring
one share of the state. However, due to the regularization, the
distillable randomness is difficult to compute in general. To
address this problem, we define measures of classical correlations
and prove a number of their properties, most importantly that
they serve as upper bounds on the distillable randomness of an
arbitrary bipartite state. We then further bound these measures
from above by some that are efficiently computable by means
of semi-definite programming, we evaluate one of them for the
example of an isotropic state, and we remark on the relation to
quantities previously proposed in the literature.

Full version at https://markwilde.com/RD-bnds.pdf

I. INTRODUCTION

The distillable randomness of a bipartite quantum state is
equal to the largest net rate at which uniformly random, per-
fectly correlated bits can be distilled from the state by means
of local operations and one-way classical communication (1W-
LOCC) [1]. That is, in this scenario, the net rate is the rate
at which shared randomness is distilled minus the rate at
which classical bits are communicated to accomplish the task.
It is important to subtract the classical communication rate,
as failure to do so would trivialize the task, allowing for
an infinite number of random bits to be shared. This task
fundamentally has its roots in classical information theory [2],
[3]. Here we also extend the task to allow for general local
operations and classical communication (LOCC).

The distillable randomness of a bipartite state is considered
a fundamental measure of classical correlations contained in
a state. There has been a large literature on this topic, starting
with [4], [5] and reviewed in [6], due to the wide interest
in understanding correlations present in quantum states. How-
ever, [1] is the one of the few papers to consider understanding
these correlations in an information-theoretic manner (see also
[7]–[13] for other perspectives and related works).

Ref. [1] provided a formal solution for the aforementioned
information-theoretic task. However, like many such formal
solutions in quantum Shannon theory, it does not provide a
computationally efficient procedure for quantifying correla-
tions because it is expressed as a multi-letter or regularized
formula. Our goal here is to fill this void by providing
upper bounds on the distillable randomness that are efficiently
computable by semi-definite programming. We also justify
how some of the newly proposed measures are themselves
measures of classical correlations contained in a bipartite state.

Although our results here can be viewed as a static counter-
part to the results in the dynamical setting from [14]–[17], their
derivation requires some new insights, as we explain in detail
below. Ref. [17] proved that generalizations of the dynamical
measures from [14]–[16] give upper bounds on the rate at
which classical messages be communicated from one party
to another, whenever they have access to a bipartite channel
as a communication resource. A special case of this setting
is when a sender is communicating classical messages to a
receiver, with the assistance of a classical feedback channel.
In contrast, as described earlier, our static setting here involves
two parties distilling shared randomness from a bipartite state,
by means of 1W-LOCC or general LOCC.

We comment here on the novel contributions of our paper
when compared to earlier works such as [14]–[17]. The main
measures of classical correlations proposed here, denoted by
γ, Cγ , and Γ in Section III, are inspired by the measures that
have appeared earlier in [14]–[17], denoted there by β, Cβ ,
and Υ. However, the measures proposed here are symmetric
with respect to a swap of the A and B systems. This property
is critical for bounding the LOCC-assisted distillable random-
ness from above, as accomplished in Theorems 11 and 12.
Furthermore, we prove here that these measures obey the
classical communication bound in Proposition 7, also known
as a “non-lockability” property in prior work on correlation
measures [18], [19]. Finally, Lemma 9 and Proposition 10 are
critical bounds that allow us to compare the actual state at the
end of a randomness distillation protocol with an ideal state,
and they ultimately lead to a strong converse upper bound
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for the distillable randomness. For the task of randomness
distillation, the target (ideal) state is a mixed state, which is in
distinction to most prior works on quantum resource theories,
in which the target state is necessarily pure [20]–[22]. So the
approach we have taken here goes beyond methods previously
applied in such contexts and could potentially be useful more
generally in research on quantum resource theories. We note
here that similar methods were employed in [23], [24], but
Lemma 9 and Proposition 10 provide a comparison between
the ideal mixed state of interest and a convex set of positive
semi-definite operators, rather than a comparison between an
ideal mixed state and just one other mixed state.

The rest of the paper is organized as follows. In Section II
we introduce some notation and key concepts. In Section III
we construct and study certain classical correlation measures,
while in Section IV we define the distillable randomness
of a bipartite state. Continuing, in Section V we prove that
the proposed measures are upper bounds on the distillable
randomness, and in Section VI we consider semi-definite
restrictions of the bounds. Finally, in Section VII we conclude
with a brief summary and some open directions for future
research.

II. NOTATION

Here we establish some notation and concepts that we use
throughout the paper. We point the reader to the textbook [25]
and the manuscript [26] for further details. We defer to
Appendix A the introduction of the notation required for the
proofs presented in the rest of the appendix. Let Φ

d

AB denote
the maximally classically correlated state of rank d, given by

Φ
d

AB :=
1

d

d−1∑
m=0

|m〉〈m|A ⊗ |m〉〈m|B . (1)

We denote the transpose map acting on the system A by
TA(·) :=

∑d−1
i,j=0 |i〉〈j|A(·)|i〉〈j|A.

Let us define a generalized divergence D of a state ρ and
a positive semi-definite operator σ as a function that obeys:

1) data processing: D(ρ‖σ) ≥D(N (ρ)‖N (σ)), where N
is an arbitrary quantum channel;

2) the scaling relation: D(ρ‖cσ) = D(ρ‖σ) − log2 c, for
all c > 0; and

3) the zero-value property: D(ρ‖ρ) = 0 for every state ρ.
We note that the scaling and zero-value properties together

imply non-negativity: ∀c ∈ (0, 1], D(1‖c) ≥ 0. Indeed,
considering that the number 1 is a state of a trivial system,
we have that D(1‖c) = D(1‖1)− log2 c = − log2 c ≥ 0.

III. CLASSICAL CORRELATION MEASURES

We now define some classical correlation measures that are
used later on, in the application of bounding the distillable
randomness from above. For a positive semi-definite, bipartite
operator σAB , let us define

γ(σAB) := inf
KA,LB ,VAB∈Herm

 Tr[KA ⊗ LB ] :
TB(VAB ± σAB) ≥ 0,
KA ⊗ LB ± VAB ≥ 0

 .

(2)

We also denote this quantity by γ(A;B)σ . We also define

Cγ(σAB) := Cγ(A;B)σ := log2 γ(σAB). (3)

For a bipartite state ρAB , we then define

Γ(ρAB) := inf
σAB≥0:
γ(σAB)≤1

D(ρAB‖σAB), (4)

which follows an approach for defining resource measures pro-
posed originally by [27]–[29] in the context of entanglement
theory. Also, as a consequence of the scaling and zero-value
properties listed above, we conclude that

Γ(ρAB) ≤D(ρAB‖ρAB/γ(ρAB)) = Cγ(ρAB). (5)

Our goal is to show that Γ(ρAB) is an upper bound on the
distillable randomness of a bipartite state ρAB . We do so in
Section V after proving various properties of γ, Cγ , and Γ, in
Section III-A.

A. Properties of Classical Correlation Measures

In this section, we establish a number of properties of the
quantities γ, Cγ , and Γ, proposed in Section III. In partic-
ular, we prove that these measures satisfy several properties
expected for a measure of classical correlations of a bipartite
state, including

1) symmetry under exchange of A and B (Proposition 1),
2) data processing under local channels (Proposition 2),
3) local isometric invariance (Corollary 3),
4) non-negativity, faithfulness for product states (Proposi-

tion 4),
5) dimension bound (Proposition 5),
6) scale invariance (Proposition 6),
7) classical communication bound (Proposition 7),
8) subadditivity (Proposition 8), and
9) continuity near maximally classically correlated states

(Proposition 10).
Proposition 1 (Exchange Symmetry): Let σAB be a bipartite

positive semi-definite operator, and let ρAB be a state. Then

Cγ(A;B)σ = Cγ(B;A)σ, (6)
Γ(A;B)ρ = Γ(B;A)ρ. (7)

Proof. This follows by inspecting the definitions and using
the fact that, for a Hermitian operator WAB , the inequality
TB(WAB) ≥ 0 holds if and only if TA(WAB) ≥ 0 does.

Proposition 2 (Data-Processing under Local Channels): Let
σAB be a bipartite positive semi-definite operator, and let
NA→A′ and MB→B′ be quantum channels. Then

Cγ(A;B)σ ≥ Cγ(A′;B′)ω, (8)
Γ(A;B)σ ≥ Γ(A′;B′)ω, (9)

where ωA′B′ := (NA→A′ ⊗MB→B′)(ρAB).
Proof. See Appendix B.

Corollary 3 (Local Isometric Invariance): Let σAB be a
bipartite positive semi-definite operator, UA→A′ an isometric
channel, and VB→B′ an isometric channel. Then

Cγ(A;B)σ = Cγ(A′;B′)ω, (10)



Γ(A;B)σ = Γ(A′;B′)ω, (11)

where ωA′B′ := (UA→A′ ⊗ VB→B′)(σAB).
Proof. The inequality Cγ(A;B)σ ≥ Cγ(A′;B′)ω follows by a
direct application of Proposition 2. Let us define the channels

LA′→A(·) := (UA→A′)†(·) + Tr[(idA′ −(UA→A′)†)(·)]τA,
MB′→B(·) := (VB→B′)†(·) + Tr[(idB′ −(VB→B′)†)(·)]ηB ,

(12)

where τA and ηB are arbitrary quantum states. Consider that
LA′→A ◦ UA→A′ = idA and MB′→B ◦ VB→B′ = idB . Then
the opposite inequality also follows by applying Proposition 2:

Cγ(A′;B′)ω ≥ Cγ(A;B)ζ = Cγ(A;B)σ, (13)

where ζAB := (LA′→A⊗MB′→B)(ωA′B′) = σAB . The same
line of reasoning establishes (11).

Proposition 4 (Non-Negativity and Faithfulness): Let ρAB
be a bipartite state. Then Cγ(A;B)ρ and Γ(A;B)ρ are non-
negative, i.e.

Cγ(A;B)ρ ≥ 0, Γ(A;B)ρ ≥ 0, (14)

and equal to zero if ρAB = σA ⊗ τB is a product state.
Furthermore, Cγ is faithful, i.e., Cγ(ρAB) = 0 implies that
ρAB is a product state, and Γ is faithful provided that the
underlying divergence D is itself faithful (positive definite)
and also lower semicontinuous in its second argument.
Proof. See Appendix C.

Proposition 5 (Dimension Bound): Let ρAB be a bipartite
state. Then

Γ(A;B)ρ ≤ Cγ(A;B)ρ ≤ log2 min {dA, dB} , (15)

where dA and dB denote the dimensions of the local systems.
Proof. See Appendix D.

Proposition 6 (Scale Invariance): Let σAB be a positive
semi-definite, bipartite operator, and let c > 0. Then

γ(cσAB) = cγ(σAB). (16)

Proof. Let KA, LB , and VAB be arbitrary choices for the opti-
mization problem for γ(σAB). Then cKA, LB , and cVAB are
particular choices for which the objective function evaluates to
Tr[cKA⊗LB ] = cTr[KA⊗LB ] and such that the constraints
for cσAB hold. It follows then that γ(cσAB) ≤ cγ(σAB). To
see the opposite inequality, consider applying this again to
find that γ(c−1cσAB) ≤ c−1γ(cσAB), which is equivalent to
cγ(σAB) ≤ γ(cσAB).

Proposition 7 (Classical Communication Bound): Let ρXAB
be a tripartite state, for which system X is classical, i.e.,

ρXAB :=
∑
x

p(x)|x〉〈x|X ⊗ ρxAB , (17)

where {p(x)}x is a probability distribution and {ρxAB}x is a
set of states. Then

Cγ(AX;B)ρ ≤ log2 dX + Cγ(A;BX)ρ, (18)
Γ(AX;B)ρ ≤ log2 dX + Γ(A;BX)ρ. (19)

Proof. See Appendix E.
Proposition 8 (Subadditivity): Let ρA1A2B1B2

:= σA1B1
⊗

τA2B2
, where σA1B1

and τA2B2
are bipartite operators. Then

the following subadditivity inequality holds

Cγ(A1A2;B1B2)ρ ≤ Cγ(A1;B1)σ + Cγ(A2;B2)τ . (20)

If the underlying generalized divergence D is subadditive, then
Γ is subadditive for a state ρA1A2B1B2

= σA1B1
⊗ τA2B2

:

Γ(A1A2;B1B2)ρ ≤ Γ(A1;B1)σ + Γ(A2;B2)τ . (21)

Proof. See Appendix F.
Lemma 9: The following bound holds:

sup
σAB≥0:γ(σAB)≤1

F
(

Φ
d

AB , σAB

)
≤ 1

d
, (22)

where Φ
d

AB is the maximally classical correlated state from (1)
and F (ω, τ) := ‖

√
ω
√
τ‖21 is the fidelity of states ω and τ [30].

Proof. See Appendix G.
Recall that the sandwiched Rényi relative entropy of a

state ρ and a positive semi-definite operator σ is defined for
α ∈ (0, 1) ∪ (1,∞) as [31], [32]

D̃α(ρ‖σ) :=
2α

α− 1
log2

∥∥∥σ(1−α)/2αρ1/2
∥∥∥
2α
. (23)

It converges to the quantum relative entropy [33]

D(ρ‖σ) := Tr[ρ(log2 ρ− log2 σ)] (24)

in the limit α → 1, and it is a generalized divergence for
α ≥ 1/2. See [26] for further properties.

Proposition 10: Let ωAB be a state satisfying

F
(

Φ
d

AB , ωAB

)
≥ 1− ε, (25)

for ε ∈ [0, 1]. Then, for all α > 1,

log2 d ≤ Γ̃α(ωAB) +
α

α− 1
log2

(
1

1− ε

)
, (26)

where Γ̃α(ωAB) is defined from (4) with the underlying diver-
gence taken to be the sandwiched Rényi relative entropy D̃α.
Proof. See Appendix H.

IV. DISTILLABLE RANDOMNESS OF A BIPARTITE STATE

Let ρAB be a bipartite state. A protocol for randomness
distillation assisted by 1W-LOCC begins with a quantum
channel of the form EA→LM , where the output systems are
classical. The system L is communicated to Bob over a
noiseless classical channel. After that, he acts with a quantum
channel DBL→M ′ . The state at the end of the protocol is thus

ωMM ′ := (DBL→M ′ ◦ EA→LM )(ρAB). (27)

A (d, ε) protocol for randomness distillation satisfies

perr((E ,D); ρAB) := 1− F (ωMM ′ ,Φ
d

MM ′) ≤ ε. (28)

The one-shot distillable randomness of ρAB is defined as

Rε(ρAB) :=



sup
EA→LM ,
DBL→M′

{log2 d− log2 dL : perr((E ,D); ρAB) ≤ ε} . (29)

In words, it is the largest net rate at which maximally
correlated randomness can be generated. Indeed, we need to
subtract off the classical communication used in the protocol;
otherwise, the quantity would be trivially equal to +∞.

The distillable randomness of ρAB is defined as

R(ρAB) := inf
ε∈(0,1]

lim inf
n→∞

1

n
Rε(ρ⊗nAB), (30)

and the strong converse distillable randomness as

R̃(ρAB) := sup
ε∈[0,1)

lim sup
n→∞

1

n
Rε(ρ⊗nAB). (31)

We can generalize these definitions to allow for assistance
by arbitrary LOCC (see [34] for a detailed account of LOCC).
A protocol for randomness distillation assisted by LOCC
begins with Alice performing the channel E(1)A→L1A1

, where
the system L1 is classical and communicated to Bob. Bob
then performs the channel D(2)

L1B→L2B2
, where the system

L2 is classical and communicated to Alice. This process
continues for k rounds; we denote Alice’s other channels
by {E(i)Li−1Ai−2→LiAi}i, for i ∈ {3, 5, . . .}, and Bob’s other

channels by {D(i)
Li−1Bi−2→LiBi}i, for i ∈ {4, 6, . . .}. The last

two channels in the protocol, without loss of generality, are
then E(k)Lk−1Ak−2→LkM for Alice and D(k+1)

LkBk−1→M ′ for Bob.
The state at the end of the protocol is thus

ωMM ′ := (D(k+1) ◦ E(k) ◦ · · · ◦ D(2) ◦ E(1))(ρAB). (32)

A (d, ε) protocol for LOCC-assisted randomness distillation
satisfies

perr(P(k); ρAB) := 1− F (ωMM ′ ,Φ
d

MM ′) ≤ ε, (33)

where P(k) is a shorthand for the whole protocol, i.e., P(k) =
{E(1),D(2), . . . , E(k),D(k+1)}. The one-shot distillable ran-
domness of ρAB , assisted by LOCC, is defined as

Rε↔(ρAB) :=

sup
k∈N

sup
P(k)

{
log2 d−

k∑
i=1

log2 dLi : perr(P(k); ρAB) ≤ ε

}
.

(34)

The LOCC-assisted distillable randomness of a bipartite state
ρAB is defined as

R↔(ρAB) := inf
ε∈(0,1]

lim inf
n→∞

1

n
Rε↔(ρ⊗nAB), (35)

and the strong converse LOCC-assisted distillable randomness
as

R̃↔(ρAB) := sup
ε∈[0,1)

lim sup
n→∞

1

n
Rε↔(ρ⊗nAB). (36)

The following inequalities hold by definition:

Rε(ρAB) ≤ Rε↔(ρAB), R(ρAB) ≤ R↔(ρAB), (37)

R̃(ρAB) ≤ R̃↔(ρAB), R(ρAB) ≤ R̃(ρAB), (38)

R↔(ρAB) ≤ R̃↔(ρAB). (39)

We provide upper bounds for Rε↔(ρAB) and R̃↔(ρAB) in the
next section.

V. UPPER BOUNDS ON THE DISTILLABLE RANDOMNESS

Theorem 11: The following bound holds for all α > 1:

Rε↔(ρAB) ≤ Γ̃α(ρAB) +
α

α− 1
log2

(
1

1− ε

)
, (40)

where Γ̃α(ρAB) is defined from (4) and (23).
Proof. Let us begin by proving the bound

Rε(ρAB) ≤ Γ̃α(ρAB) +
α

α− 1
log2

(
1

1− ε

)
, (41)

and then we discuss how to generalize the proof afterward.
Consider an arbitrary protocol for randomness distillation as-
sisted by 1W-LOCC. Since the final state ωMM ′ satisfies (28),
we apply Proposition 10 to conclude that

log2 d ≤ Γ̃α(M ;M ′)ω +
α

α− 1
log2

(
1

1− ε

)
. (42)

Next we apply data processing under local channels (Proposi-
tion 2) to conclude that

Γ̃α(M ;M ′)ω ≤ Γ̃α(M ;BL)E(ρ). (43)

We then apply Propositions 1 and 7 to find that

Γ̃α(M ;BL)E(ρ) ≤ log2 dL + Γ̃α(LM ;B)E(ρ). (44)

Next we apply data processing under local channels again
(Proposition 2) to conclude that

Γ̃α(LM ;B)E(ρ) ≤ Γ̃α(A;B)ρ. (45)

Putting everything together, we finally conclude that

log2 d− log2 dL ≤ Γ̃α(A;B)ρ +
α

α− 1
log2

(
1

1− ε

)
. (46)

Since this holds for an arbitrary randomness distillation pro-
tocol, we conclude the desired bound.

To extend this to Rε↔(ρAB), we can iterate the same
reasoning, going backward through a protocol of the form
discussed around (32), using Propositions 1, 2, and 7 to arrive
at the following upper bound for a k-round protocol:

log2 d−
k∑
i=1

log2 dLi ≤ Γ̃α(A;B)ρ +
α

α− 1
log2

(
1

1− ε

)
.

(47)
Since this upper bound is independent of the number k of
rounds, we conclude the upper bound in (40).

Theorem 12: The following upper bound holds

R↔(ρAB) ≤ R̃↔(ρAB) ≤ Γ(A;B)ρ, (48)

where Γ(A;B)ρ is defined from (4) and (24).
Proof. Consider that, for all ε ∈ (0, 1] and α > 1, the
following bound holds from Theorem 11:

1

n
Rε↔(ρ⊗nAB) ≤ 1

n
Γ̃α(An;Bn)ρ⊗n +

α

n(α− 1)
log2

(
1

1− ε

)



≤ Γ̃α(A;B)ρ +
α

n(α− 1)
log2

(
1

1− ε

)
, (49)

where we applied subadditivity of Γ̃α, which follows from
Proposition 8 and the fact that D̃α is additive. Taking the
limit as n→∞, we find that

lim sup
n→∞

1

n
Rε↔(ρ⊗nAB) ≤ Γ̃α(A;B)ρ. (50)

Since this holds for all α > 1, we conclude that

lim sup
n→∞

1

n
Rε↔(ρ⊗nAB) ≤ inf

α>1
Γ̃α(A;B)ρ = Γ(A;B)ρ. (51)

The upper bound holds for all ε ∈ [0, 1), and so we conclude
the desired inequalities in (48).

VI. SEMI-DEFINITE RESTRICTIONS

The upper bounds in Theorems 11 and 12 are not efficiently
computable, because the Γ-measure in (4) involves a bilinear
optimization. One could attempt to use the approach from [35]
to evaluate γ, but this does not remove all obstacles to having
an efficient method for computing Γ. Here we consider instead
a semi-definite restriction of the γ-measure in (2), which
leads to alternative upper bounds on Rε↔(ρAB) and R̃↔(ρAB).
Indeed, for a given bipartite operator σAB and state ρA, we
define the following semi-definite restriction of γ(σAB), taken
by fixing KA = ρA in (2):

β(σAB , ρA) := inf
LB ,VAB∈Herm

 Tr[ρA ⊗ LB ] :
TB(VAB ± σAB) ≥ 0,
ρA ⊗ LB ± VAB ≥ 0

 .

(52)

It is then clear that γ(σAB) ≤ β(σAB , ρA) ∀ρA, as well as
that Γ(ρAB) ≤ ΥA(ρAB), where

ΥA(ρAB) := inf
σAB≥0:

β(σAB ,ρA)≤1

D(ρAB‖σAB). (53)

Note that one could also restrict the optimization of LB by
fixing LB = ρB and obtain the following quantities:

β(σAB , ρB) := inf
KA,VAB∈Herm

 Tr[KA ⊗ ρB ] :
TB(VAB ± σAB) ≥ 0,
KA ⊗ ρB ± VAB ≥ 0

 ,

ΥB(ρAB) := inf
σAB≥0:

β(σAB ,ρB)≤1

D(ρAB‖σAB). (54)

So then it follows that

Γ(ρAB) ≤ min{ΥA(ρAB),ΥB(ρAB)}, (55)

as well as

Rε↔(ρAB) ≤ min{Υ̃A
α (ρAB), Υ̃B

α (ρAB)}+ α′ log2

(
1

1− ε

)
,

R̃↔(ρAB) ≤ min{ΥA(A;B)ρ,Υ
B(A;B)ρ}, (56)

where α′ ≡ α
α−1 , as an immediate consequence of (55)

and Theorems 11 and 12. To compute the upper bound in
the second line of (56) efficiently, one can make use of the
relative entropy optimization method from [36]. We remark
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Fig. 1. Lower and upper bounds on the LOCC-assisted distillable randomness
of a qubit-qubit isotropic state, as a function of the parameter p ∈ [0, 1].

here that the quantities in (52)–(54) are related to those defined
previously in [14]–[16], and this point is discussed further in
Appendix I.

As an example, in Figure 1, we plot the upper bound
in (56) for an isotropic state, defined for p ∈ [0, 1] as
(1− p) ΦdAB + pIAB/d

2, where ΦdAB := 1
d

∑
i,j |i〉〈j|A ⊗

|i〉〈j|B . For comparison, we also plot the Holevo information
lower bound from [1]. The code for generating this figure is
available with the arXiv posting of our paper. We note the
similarity with Figure 6 of [17], which is for the dynamical
case. Clearly, there is a gap between the lower and upper
bounds, and a pertinent question is to close this gap, just as
is the case for Figure 6 of [17].

VII. CONCLUSION

In this paper, we returned to the problem of distillable
randomness of a bipartite state, providing a number of upper
bounds on this quantity that are applicable in both the non-
asymptotic and asymptotic regimes. To do so, we introduced a
measure of classical correlations contained in a bipartite state.
The main measure that we used to provide an upper bound is
not clearly efficiently computable; however, we considered a
semi-definite restriction that serves as an upper bound.

Going forward from here, it is open to establish tighter
upper bounds on the distillable randomness. In future work,
we plan to apply the recent lower bound on entanglement
cost from [37, Eq. (13)], along with the identity in [38,
Theorem 1] that relates entanglement cost and 1W-LOCC
distillable randomness. It is also open to generalize these
methods to the multipartite case (here, see [39]–[41]).
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APPENDIX A
NOTATION

Here we provide some further notation needed to under-
stand the proofs in the following appendices. We denote the
unnormalized maximally entangled operator by

ΓRA := |Γ〉〈Γ|RA, |Γ〉RA :=

d−1∑
i=0

|i〉R|i〉A, (57)

where R ' A with dimension d and {|i〉R}d−1i=0 and {|i〉A}d−1i=0

are orthonormal bases. The notation R ' A means that the
systems R and A are isomorphic. The Choi operator of a
quantum channel NA→B is denoted by

ΓNRB := NA→B(ΓRA). (58)

APPENDIX B
PROOF OF PROPOSITION 2 (DATA PROCESSING UNDER

LOCAL CHANNELS)
We prove that γ(ρAB) ≥ γ(ωA′B′), which is equivalent to

the inequality (8) in Proposition 2. Let KA, LB , and VAB be
arbitrary Hermitian operators satisfying TB(VAB ± ρAB) ≥
0 and KA ⊗ LB ± VAB ≥ 0. Consider that the map TB′ ◦
MB→B′ ◦ TB is completely positive, which follows because

(TB′ ◦MB→B′ ◦ TB)(ΓB̂B)

= (TB′ ◦MB→B′ ◦ TB̂)(ΓB̂B) (59)
= ((TB̂ ⊗ TB′) ◦MB→B′)(ΓB̂B) (60)
= TB̂B′(MB→B′(ΓB̂B)) ≥ 0. (61)

The last inequality follows because MB→B′ is completely
positive and TB̂B′ is a positive map, which in this case is
acting on both systems B̂B′ and thus preserves positivity.
We also present an alternative proof that TB′ ◦MB→B′ ◦ TB
is completely positive if MB→B′ is. Consider the following
chain of equalities for a Kraus decomposition of MB→B′ as
MB→B′(·) =

∑
iMi(·)M†i :

(TB′ ◦MB→B′ ◦ TB)(·)

=
∑
`,m

∑
j,k

∑
i

|`〉〈m|Mi|j〉〈k|(·)|j〉〈k|M†i |`〉〈m| (62)

=
∑
`,m

∑
j,k

∑
i

|`〉〈k|M†i |`〉〈k|(·)|j〉〈m|Mi|j〉〈m| (63)

=
∑
i

∑
`,k

|`〉〈k|M†i |`〉〈k|(·)
∑
j,m

|j〉〈m|Mi|j〉〈m| (64)

=
∑
i

T (M†i )(·)T (Mi) (65)

=
∑
i

Ei(·)E†i , (66)

where Ei := T (M†i ). Thus, {Ei}i is a set of Kraus operators
for TB′ ◦ MB→B′ ◦ TB , which implies that this map is
completely positive.

Since NA→A′ and TB′ ◦ MB→B′ ◦ TB are completely
positive, it follows that

(NA→A′⊗(TB′◦MB→B′◦TB))(TB(VAB±ρAB)) ≥ 0. (67)

Now consider that

(NA→A′ ⊗ (TB′ ◦MB→B′ ◦ TB))(TB(VAB ± ρAB))

= (NA→A′ ⊗ (TB′ ◦MB→B′))(VAB ± ρAB) (68)
= TB′(NA→A′ ⊗MB→B′)(VAB ± ρAB) (69)
= TB′(V

′
A′B′ ± ωA′B′), (70)

where
V ′A′B′ := (NA→A′ ⊗MB→B′)(VAB). (71)

So it follows that

TB′(V
′
A′B′ ± ωA′B′) ≥ 0. (72)

Since NA→A′ andMB→B′ are completely positive, it follows
that

(NA→A′ ⊗MB→B′)(KA ⊗ LB ± VAB) ≥ 0, (73)

which is equivalent to

K ′A′ ⊗ L′B′ ± V ′A′B′ ≥ 0, (74)

where

K ′A′ := NA→A′(KA), L′B′ :=MB→B′(LB). (75)

So we have shown that

TB(VAB ± ρAB) ≥ 0 =⇒ TB′(V
′
A′B′ ± ωA′B′) ≥ 0,

(76)
KA ⊗ LB ± VAB ≥ 0 =⇒ K ′A′ ⊗ L′B′ ± V ′A′B′ ≥ 0.

(77)

Also, since NA→A′ and MB→B′ are trace preserving, it
follows that

Tr[KA ⊗ LB ] = Tr[K ′A′ ⊗ L′B′ ]. (78)

Putting together (76)–(78), we conclude that

inf
KA,LB ,VAB

 Tr[KA ⊗ LB ] :
TB(VAB ± ρAB) ≥ 0,
KA ⊗ LB ± VAB ≥ 0


≥ inf
K′
A′ ,L

′
B′ ,V

′
A′B′

 Tr[K ′A′ ⊗ L′B′ ] :
TB(V ′A′B′ ± ωA′B′) ≥ 0,
K ′A′ ⊗ L′B′ ± V ′A′B′ ≥ 0

 . (79)

This concludes the proof of (8).
To see (9), let σAB be an arbitrary positive semi-definite

operator satisfying γ(σAB) ≤ 1. Then it follows from (8) that
τA′B′ := (NA→A′ ⊗MB→B′)(σAB) satisfies

γ(τA′B′) ≤ γ(σAB) ≤ 1. (80)

So then, defining ωA′B′ := (NA→A′ ⊗MB→B′)(ρAB), we
find that

D(ρAB‖σAB) ≥D(ωA′B′‖τA′B′) (81)
≥ inf

τA′B′≥0,
γ(τA′B′ )≤1

D(ωA′B′‖τA′B′) (82)

= Γ(ωA′B′). (83)



The first inequality follows from the data-processing inequality
for D, and the second from (80). The equality follows from
the definition in (4). Since the inequality holds for all σAB ≥ 0
satisfying γ(σAB) ≤ 1, we conclude the desired inequality in
(9) after taking the infimum.

APPENDIX C
PROOF OF PROPOSITION 4 (NON-NEGATIVITY AND

FAITHFULNESS)

First, it follows that Cγ(A;B)ρ takes its minimal value on a
product state, and it is equal to the same value for all product
states. This is because one can transition from an arbitrary
state to a product state by performing local channels that trace
out the input and replace with a state. Indeed, let RσA(·) :=
TrA[·]σA and RτB(·) := TrB [·]τB be local replacer channels.
Then by applying inequality (8) in Proposition 2, we conclude
that

Cγ(A;B)ρ ≥ Cγ(A;B)ω. (84)

By the same procedure, one can transition from an arbitrary
product state to another arbitrary product state by means of
local channels. So the claim stated above follows. The same
argument, but using (9), implies that Γ(ρAB) takes its minimal
value on product states.

We now prove that this minimal value is zero. By definition,
for a product state ωAB = σA ⊗ τB ,

γ(A;B)ω = inf
KA,LB ,
VAB∈Herm

 Tr[KA ⊗ LB ] :
TB(VAB ± σA ⊗ τB) ≥ 0,
KA ⊗ LB ± VAB ≥ 0

 .

(85)
Applying some of the constraints, we conclude that

TB(σA ⊗ τB) ≤ TB(VAB), (86)
VAB ≤ KA ⊗ LB . (87)

Now taking a trace over these constraints, we conclude that

1 = Tr[σA ⊗ τB ] = Tr[TB(σA ⊗ τB)] (88)
≤ Tr[TB(VAB)] = Tr[VAB ] ≤ Tr[KA ⊗ LB ]. (89)

So this establishes that γ(A;B)ω ≥ 1 for every product
state ωAB (and also γ(A;B)ρ ≥ 1 for every state ρAB ,
by combining the observation in the first paragraph with
γ(A;B)ω ≥ 1 for every product state ωAB).

To see the opposite inequality for a product state ωAB , let
us make the choice VAB = TB(σA ⊗ τB), KA = σA, and
LB = τB . For this choice, all constraints are satisfied, in
part because the partial transpose map is a positive map when
acting on a product state. So it follows that γ(A;B)ω ≤ 1,
and combining with what we previously showed, we conclude
that γ(A;B)ω = 1 for every product state.

Now we turn to Γ(ρAB). Consider that, for an arbitrary
positive semi-definite operator σAB , the condition γ(σAB) ≤
1 implies that Tr[σAB ] ≤ 1 because the following holds for
arbitrary VAB , KA, and LB satisfying the constraints in (2):

Tr[σAB ] = Tr[TB(σAB)] ≤ Tr[TB(VAB)] (90)
= Tr[VAB ] ≤ Tr[KA ⊗ LB ]. (91)

Then taking an infimum over all VAB , KA, and LB sat-
isfying (2) and applying the assumption γ(σAB) ≤ 1, we
conclude that Tr[σAB ] ≤ 1. Now applying a trace channel to
D(ρAB‖σAB) and the non-negative property of a generalized
divergence (i.e., D(1‖c) ≥ 0, ∀c ∈ (0, 1]), we conclude that
Γ(ρAB) ≥ 0 for every state ρAB .

If the state of interest is a product state (i.e., ωAB =
σA ⊗ τB), then it follows that γ(ωAB) ≤ 1, as argued above,
so that we can choose σAB = ωAB . With this choice it follows
that Γ(ωAB) ≤ D(ωAB‖ωAB) = 0, with the latter equality
following from the zero-value property of generalized diver-
gences. Combining with the previous inequality, we conclude
that Γ(ωAB) = 0 for every product state ωAB .

Let us now turn to the proof that Cγ is faithful, i.e. that
Cγ(ωAB) = 0 implies ωAB = ρA⊗ τB is a product state, and
that Γ is also faithful provided that the underlying divergence
D is lower semicontinuous in its second argument. First,
observe that Cγ = Γ for the particular choice of divergence

D(ρ‖σ) =

{
− log c σ = cρ,
+∞ otherwise, . (92)

This observation is related to the inequality in (5). Indeed,
when performing the optimization for Γ, consider that choos-
ing σAB to be any operator other than cρAB leads to a value
of +∞. This then forces σAB to be equal to cρAB for some
c > 0, and the objective function for Γ(ρAB) reduces to

inf
c>0,γ(cρAB)≤1

D(ρAB‖cρAB) = inf
c>0,cγ(ρAB)≤1

− log2 c

= inf
c>0,c≤ 1

γ(ρAB)

− log2 c

= log2 γ(ρAB), (93)

following from the scaling property of D and the scale
invariance of γ(ρAB) (Proposition 6). Since the divergence
in (92) happens to be lower semicontinuous in its second
argument, it suffices to prove the claim for Γ.

Thus, let ωAB be a state such that Γ(ωAB) = 0. Due to (4),
for all δ > 0 we can find σAB ≥ 0 such that Tr[σAB ] ≤
γ(σAB) ≤ 1 and

δ >D(ωAB‖σAB) ≥D(1‖Tr[σAB ]) = − log2 Tr[σAB ] ,
(94)

where we also used the data processing inequality and the
scaling property for D. Combining these two inequalities
yields

γ(σAB) ≤ 1 < 2δ TrσAB . (95)

By definition of γ, we now find a Hermitian opera-
tor VAB and positive semi-definite KA and LB such that
TB(VAB ± σAB) ≥ 0, KA ⊗ LB ± VAB ≥ 0, and
Tr[KA ⊗ LB ] ≤ 1. This implies that

1 ≥ Tr[KA ⊗ LB ] (96)
≥ Tr[VAB ] (97)
= Tr[TB(VAB)] (98)
≥ Tr[TB(σAB)] (99)



≥ 2−δ, (100)

and thus in turn that

‖KA ⊗ LB − σAB‖1
≤ ‖KA ⊗ LB − VAB‖1 + ‖VAB − σAB‖1 (101)
= Tr[KA ⊗ LB − VAB ] + ‖VAB − σAB‖1 (102)

≤ 1− 2−δ + min{dA, dB} ‖TB(VAB − σAB)‖1 (103)

= 1− 2−δ + min{dA, dB}Tr[TB(VAB − σAB)] (104)

≤ (1 + min{dA, dB}) (1− 2−δ). (105)

In the above calculation, we used the fact that ‖XAB‖1 ≤
min{dA, dB} ‖TB(XAB)‖1 for every Hermitian opera-
tor XAB (see [42, proof of Proposition 7]), as can be seen im-
mediately by writing a spectral decomposition for TB(XAB)
and leveraging the fact that ‖TB(ψAB)‖1 ≤ min{dA, dB} for
all pure states ψAB [42, Proposition 8].

Since δ > 0 is arbitrary, we have shown that we can
construct a sequence of subnormalized states σAB(n) with
the property that (a) limn→∞D (ωAB‖σAB(n)) = 0 and
(b) limn→∞ infKA,LB ‖σAB(n)−KA ⊗ LB‖1 = 0. Since the
set of subnormalized states is compact, up to extracting a
subsequence we can assume that limn→∞ σAB(n) = σAB ;
due to (b) and to the closedness of the set of tensor product
operators, we have that σAB = ρA ⊗ τB is itself a product
subnormalized state. But then (a) together with the lower
semicontinuity of D imply that

0 = lim
n→∞

D(ωAB‖σAB(n)) (106)

≥D(ωAB‖σAB) (107)
= D(ωAB‖ρA ⊗ τB). (108)

By faithfulness of D, this is only possible if ωAB = ρA⊗ τB ,
which concludes the proof.

APPENDIX D
PROOF OF PROPOSITION 5 (DIMENSION BOUND)

The first inequality in (15) follows from recalling (5). So
we prove the second inequality in (15). Let us set KA = ρA,
LB = IB , and VAB = ρA ⊗ IB . For these choices, we have
that

Tr[KA ⊗ LB ] = dB . (109)

We now need to argue that these choices are feasible, i.e., that
they satisfy

TB(VAB ± ρAB) ≥ 0, (110)
KA ⊗ LB ± VAB ≥ 0. (111)

The second set of inequalities is trivially satisfied. For the first,
consider that we need to show that

TB(VAB + ρAB) = ρA ⊗ IB + TB(ρAB) (112)

= P+
B (ρAB) (113)

≥ 0, (114)
TB(VAB − ρAB) = ρA ⊗ IB − TB(ρAB) (115)

= P−B (ρAB) (116)

≥ 0, (117)

where the linear maps P+
B and P−B are defined as

P+
B (·) := TrB [·]IB + TB(·), (118)

P−B (·) := TrB [·]IB − TB(·). (119)

The Choi operators of these maps are given by

P+
B (ΓRB) = IRB + FRB = 2ΠSRB , (120)

P−B (ΓRB) = IRB − FRB = 2ΠARB , (121)

where FRB is the unitary swap operator and ΠSRB and ΠARB
are the projections onto the symmetric and antisymmetric
subspaces, respectively. Since these operators are positive
semi-definite and they are the Choi operators of P+

B and P−B , it
follows that P+

B and P−B are completely positive maps. Thus,
the constraints in (110) hold, and we conclude the upper bound
Cγ(A;B)ρ ≤ log2 dB .

The proof of the other upper bound is similar, and we show
it for completeness. Pick KA = IA, LB = ρB , and VAB =
IA ⊗ ρB . For these choices, we have that

Tr[KA ⊗ LB ] = dA. (122)

We need to argue that these choices are feasible. The constraint
in (111) holds trivially. The first constraints in (110) become

TB(VAB + ρAB) = IA ⊗ TB(ρB) + TB(ρAB) ≥ 0, (123)
TB(VAB − ρAB) = IA ⊗ TB(ρB)− TB(ρAB) ≥ 0. (124)

The inequalities above are equivalent to the following inequal-
ities because they are related by taking a full transpose:

IA ⊗ ρB + TA(ρAB) ≥ 0, (125)
IA ⊗ ρB − TA(ρAB) ≥ 0. (126)

Then we conclude that the constraints are satisfied because
P+
A (ρAB) = IA ⊗ ρB + TA(ρAB) and P−A (ρAB) = IA ⊗

ρB − TA(ρAB), and we already proved that P+
A and P−A are

completely positive.

APPENDIX E
PROOF OF PROPOSITION 7 (CLASSICAL COMMUNICATION

BOUND)

Let KA, LBX , and VABX be arbitrary operators for the
optimization problem for Cγ(A;BX)ρ, which satisfy

TBX(VABX ± ρABX) ≥ 0, (127)
KA ⊗ LBX ± VABX ≥ 0. (128)

Pick

K ′AX := KA ⊗ IX , (129)
L′B := TrX [LBX ], (130)

V ′ABX := ∆X(VABX), (131)

where ∆X(·) :=
∑
x |x〉〈x|(·)|x〉〈x| is the completely dephas-

ing channel. Then we find that

Tr[K ′AX ⊗ L′B ] = Tr[KA ⊗ IX ⊗ TrX [LBX ]] (132)



= Tr[KA ⊗ LBX ] Tr[IX ] (133)
= Tr[KA ⊗ LBX ]dX . (134)

We then need to show that

TB(V ′ABX ± ρABX) ≥ 0, (135)
K ′AX ⊗ L′B ± V ′ABX ≥ 0. (136)

Since ∆X is a completely positive map, we see that

KA ⊗ LBX ± VABX ≥ 0 (137)

=⇒ KA ⊗∆X(LBX)±∆X(VABX) ≥ 0 (138)

⇐⇒ KA ⊗∆X(LBX)± V ′ABX ≥ 0. (139)

We also have that ∆X(LBX) ≤ LB ⊗ IX , which follows
because

∆X(LBX) =
∑
x

LxB ⊗ |x〉〈x|X (140)

≤
∑
x

LxB ⊗ IX (141)

= LB ⊗ IX , (142)

where
LxB := X〈x|LBX |x〉X . (143)

The inequality ∆X(LBX) ≤ LB ⊗ IX implies that

KA ⊗ LB ⊗ IX ± V ′ABX ≥ 0 (144)
⇐⇒ K ′AX ⊗ L′B ± V ′ABX ≥ 0. (145)

Now consider that

TBX(VABX ± ρABX) ≥ 0 (146)

⇐⇒ ∆X(TBX(VABX ± ρABX)) ≥ 0 (147)

⇐⇒ TB(∆X(VABX)±∆X(ρABX)) ≥ 0 (148)
⇐⇒ TB(V ′ABX ± ρABX) ≥ 0. (149)

In the above, we applied the equality ∆X ◦ TX = ∆X . Since
K ′AX , L′B , and V ′ABX are specific choices that satisfy the con-
straints for Cγ(AX;B)ρ, we conclude the desired inequality
after minimizing over all such operators and noticing that the
objective function for Cγ(AX;B)ρ is Tr[K ′AX ⊗L′B ], which
satisfies (132)–(134). This establishes (18).

To see (19), consider that

log2 dX + Γ(A;BX)ρ

= log2 dX + inf
σABX≥0,

γ(A;BX)σ≤1

D(ρABX‖σABX) (150)

= inf
σABX≥0,

γ(A;BX)σ≤1

D(ρABX‖σABX/dX) (151)

= inf
σ′ABX≥0,

γ(A;BX)dXσ′
≤1

D(ρABX‖σ′ABX) (152)

= inf
σ′ABX≥0,

dX γ(A;BX)σ′≤1

D(ρABX‖σ′ABX) (153)

≥ inf
σ′ABX≥0,

γ(AX;B)σ′≤1

D(ρABX‖σ′ABX) (154)

= Γ(AX;B)ρ. (155)

The fourth equality follows from Proposition 6, and the
subsequent inequality from (18).

APPENDIX F
PROOF OF PROPOSITION 8 (SUBADDITIVITY)

Let K1
A1

, L1
B1

, and V 1
A1B1

be feasible choices for
Cγ(A1;B1)σ (satisfying the constraints in (2)), and let K2

A2
,

L2
B2

, and V 2
A2B2

be feasible choices for Cγ(A2;B2)τ . Then it
follows that K1

A1
⊗K2

A2
, L1

B1
⊗L2

B2
, and V 1

A1B1
⊗V 2

A2B2
are

feasible choices Cγ(A1A2;B1B2)ρ. This latter statement is a
consequence of the general fact that if A, B, C, and D are
Hermitian operators satisfying A ± B ≥ 0 and C ± D ≥ 0,
then A ⊗ C ± B ⊗ D ≥ 0. To see this, consider that the
original four operator inequalities imply the four operator
inequalities (A±B)⊗(C ±D) ≥ 0, and then summing these
four different operator inequalities in various ways leads to
A⊗ C ±B ⊗D ≥ 0.

To see the inequality in (21), let ωA1B1
≥ 0 satisfy

γ(A1;B1)ω ≤ 1 and let θA2B2
≥ 0 satisfy γ(A2;B2)θ ≤ 1.

Then, by applying (20), we have that γ(A1A2;B1B2)ω⊗θ ≤
γ(A1;B1)ω · γ(A2;B2)θ ≤ 1, so that

Γ(A1A2;B1B2)ρ (156)
= inf

ζA1A2B1B2
≥0,

γ(ζA1A2B1B2
)≤1

D(ρA1A2B1B2
‖ζA1A2B1B2

) (157)

= inf
ζA1A2B1B2

≥0,
γ(ζA1A2B1B2

)≤1

D(σA1B1
⊗ τA2B2

‖ζA1A2B1B2
) (158)

≤D(σA1B1
⊗ τA2B2

‖ωA1B1
⊗ θA2B2

) (159)
≤D(σA1B1

‖ωA1B1
) + D(τA2B2

‖θA2B2
). (160)

The last inequality follows from the hypothesis that D is sub-
additive. Since the inequality holds for all ωA1B1

and θA2B2

satisfying the constraints for Γ(A1;B1)σ and Γ(A2;B2)τ ,
respectively, we conclude the desired inequality in (21).

APPENDIX G
PROOF OF LEMMA 9

Let σAB satisfy σAB ≥ 0 and let KA, LB , and VAB
be Hermitian operators satisfying the constraints for γ(σAB).
Consider that

F
(

Φ
d

AB , σAB

)
≤ F

(
Φ
d

AB ,
(
∆A ⊗∆B

)
(σAB)

)
, (161)

where ∆ is a local dephasing channel, defined as

∆(·) :=

d−1∑
m=0

|m〉〈m|(·)|m〉〈m|. (162)

We then find that(
∆A ⊗∆B

)
(σAB)

=

d−1∑
`,m=0

|`m〉〈`m|ABσAB |`m〉〈`m|AB (163)



=

d−1∑
`,m=0

Tr [|`〉〈`|A ⊗ |m〉〈m|B σAB ] |`〉〈`|A ⊗ |m〉〈m|B .

(164)

Then the fidelity F
(

Φ
d

AB ,
(
∆A ⊗∆B

)
(σAB)

)
becomes the

classical fidelity, i.e.,

F
(

Φ
d

AB ,
(
∆A ⊗∆B

)
(σAB)

)
=

[
d−1∑
m=0

√
1

d
Tr[|m〉〈m| ⊗ |m〉〈m|σAB ]

]2
. (165)

Then we use the fact that

Tr[|m〉〈m|A ⊗ |m〉〈m|BσAB ]

= Tr[|m〉〈m|A ⊗ |m〉〈m|BTB(σAB)] (166)
≤ Tr[|m〉〈m|A ⊗ |m〉〈m|BTB(VAB)] (167)
= Tr[|m〉〈m|A ⊗ |m〉〈m|BVAB ] (168)
≤ Tr[|m〉〈m|A ⊗ |m〉〈m|BKA ⊗ LB ] (169)
= 〈m|KA|m〉〈m|LB |m〉. (170)

so that the classical fidelity is less than[∑
m

√
1

d
〈m|KA|m〉〈m|LB |m〉

]2
≤ 1

d

∑
m

〈m|KA|m〉
∑
m

〈m|LB |m〉 (171)

=
1

d
Tr[KA] Tr[LB ] (172)

=
1

d
Tr[KA ⊗ LB ]. (173)

We applied the Cauchy–Schwarz inequality. Now leveraging
the assumption that γ(σAB) ≤ 1 and taking an infimum over
all KA, LB , and VAB satisfying the constraints for γ(σAB),
we conclude that

F
(

Φ
d

AB , σAB

)
≤ 1

d
. (174)

We conclude the statement of the lemma because we have
proven that this inequality holds for all σAB satisfying σAB ≥
0 and γ(σAB) ≤ 1.

APPENDIX H
PROOF OF PROPOSITION 10

Recall the following inequality from [24, Lemma 1]:

D̃α(ρ0‖σ)− D̃β(ρ1‖σ) ≥ α

α− 1
log2 F (ρ0, ρ1), (175)

where ρ0 and ρ1 are states, σ is a positive semi-definite
operator, α > 1, and β satisfies 1

2α + 1
2β = 1, so that

β ∈ (1/2, 1). By the same argument given in [43, Lemma 14],
this implies that

Γ̃α(ωAB)− Γ̃β

(
Φ
d

AB

)
≥ α

α− 1
log2 F

(
Φ
d

AB , ωAB

)
(176)

≥ α

α− 1
log2(1− ε). (177)

We can rewrite this as

Γ̃α(ωAB) +
α

α− 1
log2

(
1

1− ε

)
≥ Γ̃β

(
Φ
d

AB

)
(178)

≥ Γ̃1/2

(
Φ
d

AB

)
(179)

≥ log2 d, (180)

where the second inequality follows from β-monotonicity of
the sandwiched Renyi relative entropy (see [26, Prop. 4.29]),
and the third from Lemma 9.

APPENDIX I
RELATION TO β- AND Υ-MEASURES OF [14]–[16]

In this appendix, we discuss the relation of the γ, Cγ , and Γ
measures introduced in the main text, with the β, Cβ , and Υ
measures from [14]–[16].

Indeed, by fixing the operator KA in (2) to be the marginal
operator σA (where σAB is a bipartite positive semi-definite
operator), we arrive at the following quantity:

β(σAB) := inf
LB ,VAB∈Herm

 Tr[σA ⊗ LB ] :
TB(VAB ± σAB) ≥ 0,
σA ⊗ LB ± VAB ≥ 0

 .

(181)
This is precisely the static version of the β measure from [14,
Eq. (45)]. We also define

Cβ(σAB) := Cβ(A;B)σ := log2 β(σAB). (182)

For a bipartite state ρAB , we then define

Υ(ρAB) := inf
σAB≥0:
β(σAB)≤1

D(ρAB‖σAB), (183)

which is the static version of the Υ measure from [15,
Eq. (49)]. The following inequalities clearly hold, by applying
definitions:

γ(σAB) ≤ β(σAB), Γ(ρAB) ≤ Υ(ρAB). (184)

Thus, β, Cβ , and Υ can be understood as static counterparts
of the corresponding measures of classical correlations of a
channel, from [14]–[16]. We wrote them down explicitly above
to make the connection with prior literature. However, in the
main text, we focused exclusively on γ, Cγ , and Γ because
these quantities lead to tighter upper bounds on the distillable
randomness. The semi-definite restrictions of these quantities
in Section VI are closely related as well with β, Cβ , and Υ,
and as discussed there, they lead to computationally efficient
upper bounds on distillable randomness.

We finally note that the static β- and Υ-measures for a
bipartite state and the dynamic ones for point-to-point channels
are further generalized by the corresponding measures for a
bipartite channel, as proposed in [17]. As such, the γ, Cγ ,
and Γ measures can be generalized to bipartite channels,
as considered in [44], and will be the subject of a future
publication.
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