Upper Bounds on the Distillable Randomness of
Bipartite Quantum States

Ludovico Lami*T, Bartosz Regulai, Xin Wang§, and Mark M. Wilde¥
* Institute for Theoretical Physics, Korteweg—de Vries Institute for Mathematics, and QuSoft,
University of Amsterdam, the Netherlands. Email: ludovico.lami@gmail.com
T Institute for Theoretical Physics and IQST, University of Ulm, Albert-Einstein-Allee 11, D-89069 Ulm, Germany
iDepartment of Physics, Graduate School of Science, The University of Tokyo,
Bunkyo-ku, Tokyo 113-0033, Japan. Email: bartosz.regula@gmail.com
§Institute for Quantum Computing, Baidu Research, Beijing 100193, China. Email: wangxinfelix @ gmail.com
9School of Electrical and Computer Engineering, Cornell University,
Ithaca, New York 14850, USA. Email: wilde@cornell.edu

Abstract—The distillable randomness of a bipartite quantum
state is an information-theoretic quantity equal to the largest
net rate at which shared randomness can be distilled from the
state by means of local operations and classical communication.
This quantity has been widely used as a measure of classical
correlations, and one version of it is equal to the regularized
Holevo information of the ensemble that results from measuring
one share of the state. However, due to the regularization, the
distillable randomness is difficult to compute in general. To
address this problem, we define measures of classical correlations
and prove a number of their properties, most importantly that
they serve as upper bounds on the distillable randomness of an
arbitrary bipartite state. We then further bound these measures
from above by some that are efficiently computable by means
of semi-definite programming, we evaluate one of them for the
example of an isotropic state, and we remark on the relation to
quantities previously proposed in the literature.

Full version at https://markwilde.com/RD-bnds.pdf

I. INTRODUCTION

The distillable randomness of a bipartite quantum state is
equal to the largest net rate at which uniformly random, per-
fectly correlated bits can be distilled from the state by means
of local operations and one-way classical communication (1W-
LOCC) [1]]. That is, in this scenario, the net rate is the rate
at which shared randomness is distilled minus the rate at
which classical bits are communicated to accomplish the task.
It is important to subtract the classical communication rate,
as failure to do so would trivialize the task, allowing for
an infinite number of random bits to be shared. This task
fundamentally has its roots in classical information theory [2],
[3l. Here we also extend the task to allow for general local
operations and classical communication (LOCC).

The distillable randomness of a bipartite state is considered
a fundamental measure of classical correlations contained in
a state. There has been a large literature on this topic, starting
with [4]], [5] and reviewed in [6], due to the wide interest
in understanding correlations present in quantum states. How-
ever, [1]] is the one of the few papers to consider understanding
these correlations in an information-theoretic manner (see also
[7]-[13] for other perspectives and related works).

Ref. [[1]] provided a formal solution for the aforementioned
information-theoretic task. However, like many such formal
solutions in quantum Shannon theory, it does not provide a
computationally efficient procedure for quantifying correla-
tions because it is expressed as a multi-letter or regularized
formula. Our goal here is to fill this void by providing
upper bounds on the distillable randomness that are efficiently
computable by semi-definite programming. We also justify
how some of the newly proposed measures are themselves
measures of classical correlations contained in a bipartite state.

Although our results here can be viewed as a static counter-
part to the results in the dynamical setting from [[14]—[17]], their
derivation requires some new insights, as we explain in detail
below. Ref. [|[17] proved that generalizations of the dynamical
measures from [[14]-[|16]] give upper bounds on the rate at
which classical messages be communicated from one party
to another, whenever they have access to a bipartite channel
as a communication resource. A special case of this setting
is when a sender is communicating classical messages to a
receiver, with the assistance of a classical feedback channel.
In contrast, as described earlier, our static setting here involves
two parties distilling shared randomness from a bipartite state,
by means of 1W-LOCC or general LOCC.

We comment here on the novel contributions of our paper
when compared to earlier works such as [[14]—[17]. The main
measures of classical correlations proposed here, denoted by
7, C,, and I in Section are inspired by the measures that
have appeared earlier in [14]-[17]], denoted there by 3, Cp,
and Y. However, the measures proposed here are symmetric
with respect to a swap of the A and B systems. This property
is critical for bounding the LOCC-assisted distillable random-
ness from above, as accomplished in Theorems E] and @
Furthermore, we prove here that these measures obey the
classical communication bound in Proposition [7] also known
as a “non-lockability” property in prior work on correlation
measures [18]], [19]]. Finally, Lemma@] and Proposition |10| are
critical bounds that allow us to compare the actual state at the
end of a randomness distillation protocol with an ideal state,
and they ultimately lead to a strong converse upper bound
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for the distillable randomness. For the task of randomness
distillation, the target (ideal) state is a mixed state, which is in
distinction to most prior works on quantum resource theories,
in which the target state is necessarily pure [20]—[22]. So the
approach we have taken here goes beyond methods previously
applied in such contexts and could potentially be useful more
generally in research on quantum resource theories. We note
here that similar methods were employed in [23]], [24], but
Lemma [9) and Proposition [I0] provide a comparison between
the ideal mixed state of interest and a convex set of positive
semi-definite operators, rather than a comparison between an
ideal mixed state and just one other mixed state.

The rest of the paper is organized as follows. In Section [I]
we introduce some notation and key concepts. In Section [II|
we construct and study certain classical correlation measures,
while in Section [[V] we define the distillable randomness
of a bipartite state. Continuing, in Section [V] we prove that
the proposed measures are upper bounds on the distillable
randomness, and in Section we consider semi-definite
restrictions of the bounds. Finally, in Section we conclude
with a brief summary and some open directions for future
research.

II. NOTATION

Here we establish some notation and concepts that we use
throughout the paper. We point the reader to the textbook [25]]
and the manuscript [26] for further details. We defer to
Appendix [A] the introduction of the notation required for the

. . —d
proofs presented in the rest of the appendix. Let ® 4 denote
the maximally classically correlated state of rank d, given by
d—1

— 1
Tip =2 3 Im)mla @ m)mls. (M
m=0

We denote the transpose map acting on the system A by
Ta() =355 20 i1 ()li)i 4.
Let us define a generalized divergence D of a state p and
a positive semi-definite operator ¢ as a function that obeys:
1) data processing: D(p|lo) > D(N(p)|IN (o)), where N
is an arbitrary quantum channel;
2) the scaling relation: D(pl||co) = D(p||lo) — log, ¢, for
all ¢ > 0; and
3) the zero-value property: D(pl||p) = 0 for every state p.
We note that the scaling and zero-value properties together
imply non-negativity: Ve € (0,1}, D(1]lc) > 0. Indeed,
considering that the number 1 is a state of a trivial system,
we have that D(1||c) = D(1||1) —logy ¢ = —logy ¢ > 0.

III. CLASSICAL CORRELATION MEASURES

We now define some classical correlation measures that are
used later on, in the application of bounding the distillable
randomness from above. For a positive semi-definite, bipartite
operator o 4p, let us define

TI‘[KA(X)LB]:
Tp(Vap £0ap) >0,
Ky®Lp£tVap >0

inf

’Y(O-AB) = Ka,Lp,Vap€Herm

2

We also denote this quantity by v(A4; B),. We also define

Cy(oap) = Cy(A;B), :=1ogyv(0aB). 3)
For a bipartite state p4p, we then define
T(pap) = inf D(paplloas), 4)
0AB>0:
Y(cap)<1

which follows an approach for defining resource measures pro-
posed originally by [27]-[29] in the context of entanglement
theory. Also, as a consequence of the scaling and zero-value
properties listed above, we conclude that

(&)

Our goal is to show that I'(p 4 5) is an upper bound on the
distillable randomness of a bipartite state p4p. We do so in
Section Y] after proving various properties of v, Cy, and I, in

Section [III=Al

A. Properties of Classical Correlation Measures

T(pap) < D(pasllpas/v(pan)) = Cy(pap)

In this section, we establish a number of properties of the
quantities vy, Cy, and I, proposed in Section In partic-
ular, we prove that these measures satisfy several properties
expected for a measure of classical correlations of a bipartite
state, including

1) symmetry under exchange of A and B (Proposition [I)),

2) data processing under local channels (Proposition [2)),

3) local isometric invariance (Corollary [3),

4) non-negativity, faithfulness for product states (Proposi-

tion [,

5) dimension bound (Proposition E]),

6) scale invariance (Proposition @

7) classical communication bound (Proposition [7),

8) subadditivity (Proposition [§), and

9) continuity near maximally classically correlated states

(Proposition [I0).

Proposition 1 (Exchange Symmetry): Let o 4p be a bipartite

positive semi-definite operator, and let p4p be a state. Then

C’Y(A;B)U = Cv(B;A)oa (6)

I'(A;B), =T(B; A),. @)

Proof. This follows by inspecting the definitions and using

the fact that, for a Hermitian operator W4 p, the inequality
Ts(Wap) > 0 holds if and only if T4(Wap) > 0 does. ®

Proposition 2 (Data-Processing under Local Channels): Let

oap be a bipartite positive semi-definite operator, and let
Ni_a and Mp_, g be quantum channels. Then

Cy(4;B)s > C,Y(A/; B,
I'(4;B), >T(A; B).,

(8)
)
where wa'p == (Nasa @ Mp_p)(paB)-
Proof. See Appendix [B] =

Corollary 3 (Local Isometric Invariance): Let cap be a

bipartite positive semi-definite operator, L{4_, 4/ an isometric
channel, and Vp_, g/ an isometric channel. Then

Cy(4;B)y = Cy(A; B')y,, (10)



F(A;B)a :r(A/;B/)w; (11)

where wap = (Ua—a ® Ve p')(0aB).
Proof. The inequality C.,(4; B), > C(A’; B'),, follows by a
direct application of Proposition 2] Let us define the channels

Lasal) = Uasa) () + Tr[(idar —Uasa) ) ()]7a,

Mp () = (Veop) () + Tr[(idp —(V—5)")()]ns,
(12)

where 74 and np are arbitrary quantum states. Consider that
ACA/HA OUAHA’ = idA and MB’—)B ] VB%B’ = idB. Then
the opposite inequality also follows by applying Proposition 2}

Cy(A;B"), > Cy(A; B): = Cy(4; B),, (13)

where (45 = (La5a®@Mp p)(warp) = cap. The same
line of reasoning establishes (11). m

Proposition 4 (Non-Negativity and Faithfulness): Let pap
be a bipartite state. Then C,(A4; B), and I'(4; B),, are non-
negative, i.e.

CW(AQ B)p >0, F(A§ B)p >0, (14)

and equal to zero if ppp = 04 ® Tp is a product state.
Furthermore, C,, is faithful, i.e., C,(pap) = 0 implies that
pap 1s a product state, and I' is faithful provided that the
underlying divergence D is itself faithful (positive definite)
and also lower semicontinuous in its second argument.
Proof. See Appendix [C] =

Proposition 5 (Dimension Bound): Let pap be a bipartite
state. Then

T(4; B), < C4(A; B), <logymin {da,dg}, (15

where d4 and dp denote the dimensions of the local systems.
Proof. See Appendix D] m

Proposition 6 (Scale Invariance): Let o4p be a positive
semi-definite, bipartite operator, and let ¢ > 0. Then

Y(coap) = cy(cap). (16)

Proof. Let K 4, L, and V45 be arbitrary choices for the opti-
mization problem for v(c4p). Then ¢K 4, Lp, and ¢V p are
particular choices for which the objective function evaluates to
Tr[cK 4 ® Lp] = ¢Tr[K4 ® L] and such that the constraints
for co ap hold. It follows then that v(coap) < ¢y(oap). To
see the opposite inequality, consider applying this again to
find that y(c"tcoap) < ¢ 1v(coap), which is equivalent to
cy(oa) < ¥(coap). m

Proposition 7 (Classical Communication Bound): Let px ap
be a tripartite state, for which system X is classical, i.e.,

pxap =Yy _p(@)|z)elx © plhp, a7

where {p(z)}, is a probability distribution and {p% 5}, is a
set of states. Then

C,(AX;B), <logy,dx + C,(A; BX),,
I'(AX;B), <log,dx + I'(A; BX),.

(18)
19)

Proof. See Appendix [E] m
Proposition 8 (Subadditivity): Let pa, a,B,B, = 04, B, ®
TA,B,» Where 04,5, and T4,p, are bipartite operators. Then

the following subadditivity inequality holds
C'y(AlAQ;BlBZ)p S C’y(Al;Bl)a +C’Y(A2;Bz)7" (20)

If the underlying generalized divergence D is subadditive, then
T’ is subadditive for a state pa, 4,B,B, = 0A,B; @ TA,B,:

I'(A1Ag; B1Bs), < T'(A1;B1)s + T'(Ag; Ba)-. 2n
Proof. See Appendix [ m
Lemma 9: The following bound holds:
— 1
s F(®hpoan) < @)
ocap>0y(cap)<1 d

where 6j p is the maximally classical correlated state from (T)
and F(w, 1) := H\/EﬁHi is the fidelity of states w and 7 [30)].
Proof. See Appendix [G| =

Recall that the sandwiched Rényi relative entropy of a
state p and a positive semi-definite operator o is defined for
a € (0,1)U(1,00) as [31]], [32]

2

EQ(PHU) = al log, Ha(l—a)/Qapl/z 23)
o 2c
It converges to the quantum relative entropy [33|]
D(pllo) = Tr[p(logy p — log, 7)) (24)

in the limit « — 1, and it is a generalized divergence for
a > 1/2. See [26] for further properties.
Proposition 10: Let wap be a state satisfying

F(@jB,wAB) >1—¢,

for £ € [0,1]. Then, for all « > 1,

« 1
1 2
a—10g2(1—s>’ (26)

where fa(w AB) is defined from (@) with the underlying diver-
gence taken to be the sandwiched Rényi relative entropy D,,.
Proof. See Appendix [H m

(25)

log, d < fa(wAB) +

IV. DISTILLABLE RANDOMNESS OF A BIPARTITE STATE

Let pap be a bipartite state. A protocol for randomness
distillation assisted by 1W-LOCC begins with a quantum
channel of the form €4, s, where the output systems are
classical. The system L is communicated to Bob over a
noiseless classical channel. After that, he acts with a quantum
channel Dpr_, 5. The state at the end of the protocol is thus

wym = (Ppr—mr 0 Eassem)(pan).- 27)
A (d, ) protocol for randomness distillation satisfies
—d
Perr((E,D); pap) =1~ F(wnmr, Ppppp) < e (28)

The one-shot distillable randomness of p4p is defined as

R*(pap) =



sup {logyd —logy dyr : perr((€,D); pap) < e}. (29)
EasrLm,
DBL*}]VI’

In words, it is the largest net rate at which maximally

correlated randomness can be generated. Indeed, we need to
subtract off the classical communication used in the protocol;
otherwise, the quantity would be trivially equal to +o0.

The distillable randomness of p4p is defined as

1
R = inf liminf —R"(p% 30
(pap) = _inf liminf—R*(p4f), (30)
and the strong converse distillable randomness as
R(pap) = sup limsup — Re(pfg). @31

EE[O 1) n—oo

We can generalize these definitions to allow for assistance
by arbitrary LOCC (see [34] for a detailed account of LOCC).
A protocol for randomness distillation assisted by LOCC
begins with Alice performing the channel ESL L,4,» Where
the system L; is classical and communicated to Bob. Bob
then performs the channel Dfl)B . L,B,> Where the system
Ly is classical and communicated to Alice. This process
contlnues for k£ rounds; we denote Alice’s other channels
by {6 Lo A, ZHL A, }i» for i € {3,5,...}, and Bob’s other

channels by {’D( L. B »sL,B, i» for i € {4,6,...}. The last
two channels in the protocol, without loss of generality, are
then 5 1Ak ,— L, for Alice and D(L]HJ_Bt s for Bob.

The state at the end of the protocol is thus

WM = (D(k+1) 0 EF 6...o D3 o 5(1))(,0,43)- (32)

A (d, &) protocol for LOCC-assisted randomness distillation
satisfies

—d
Perr(P®) s pap) =1 — Fwanr, yap) < e, (33)

where P(*) is a shorthand for the whole protocol, i.e., P*) =
{£W DR £®) DEHDY The one-shot distillable ran-
domness of pap, assisted by LOCC, is defined as

R, (pap) =

k
sup sup {1og2d S logy di, ¢ per(PW; pa) <
kEN k) p

(34)

The LOCC-assisted distillable randomness of a bipartite state
pap is defined as

1
f 1 = Rs ®n
(Anf | liminf (PAB);

R (paB) = (35)

and the strong converse LOCC-assisted distillable randomness
as

~ 1
Ro(pap) = sup lim sup RS, (pS7%)- (36)
e€[0,1) n—oo
The following inequalities hold by definition:
R*(paB) < R%(pag), R(pas) < Res(paB), (37)
R(pap) < R (pap),  Rlpas) < Rlpap),  (38)

R (pap) < Res(pag). (39)

We provide upper bounds for RS, (pap) and R, (pap) in the
next section.

V. UPPER BOUNDS ON THE DISTILLABLE RANDOMNESS
Theorem 11: The following bound holds for all o > 1:

1
110g2<1—5>’ (40)

where I'y (pap) is defined from (@) and (23).
Proof. Let us begin by proving the bound

~ «@
RZ,(pap) < Talpap) + ——

~ o 1
e <T 1 41
B (pap) <Talpap) + — ng(l_é_), (41)

and then we discuss how to generalize the proof afterward.
Consider an arbitrary protocol for randomness distillation as-
sisted by IW-LOCC. Since the final state wys s satisfies (28],
we apply Proposition [10] to conclude that

| 1
1982 12 )"

Next we apply data processing under local channels (Proposi-
tion [2) to conclude that

log, d < To(M; M), + ai (42)

To(M; M), < To(M; BL)g(y).- (43)
We then apply Propositions [T] and [7) to find that
To(M; BL)g(p) < logydp +Ta(LM; Bg(y).  (44)

Next we apply data processing under local channels again
(Proposition [2) to conclude that

To(LM; B)g(p) < Tu(A; B),. (45)

Putting everything together, we finally conclude that

1
1 log, ( 1 ) 46)

Since this holds for an arbitrary randomness distillation pro-
tocol, we conclude the desired bound.

To extend this to RS, (pap), we can iterate the same
reasoning, going backward through a protocol of the form
discussed around (32)), using Propositions [T} [2} and [7] to arrive
at the following upper bound for a k-round protocol:

SR 1
a—1%\1-¢)"

(47)

Since this upper bound is independent of the number k of
rounds, we conclude the upper bound in @0). =
Theorem 12: The following upper bound holds

R (pas) < Re(pas) < T(4; B),,

where I'(A; B), is defined from (@) and (24).
Proof. Consider that, for all ¢ € (0,1] and o > 1, the
following bound holds from Theorem [TT}

Jrilo b
n(a—1) S2\1_¢

logy d —logy d, < Tu(A; B), +

k
logyd — " logy dr, < Ta(4;B),+
i=1

(48)

1 E 1~ n n
ERH(pi%%) < EF(,(A ; B") peon



1) . (49)
— &

~ (0%
<T.(A;B —1
= a( ) )p+ TL(O[— 1) Og2<1

where we applied subadditivity o~f IN“a, which follows from
Proposition and the fact that D, is additive. Taking the
limit as n — oo, we find that

1 ~
lim sup ~RZ, (p3) < Ta(4; B),. (50)

n—oo

Since this holds for all o > 1, we conclude that

1 ~

limsup — RS, (p575) < inf Tw(A; B), = '(4; B),. (51)
n—oo M a>1

The upper bound holds for all € € [0, 1), and so we conclude

the desired inequalities in (@8). m

VI. SEMI-DEFINITE RESTRICTIONS

The upper bounds in Theorems [IT]and [I2] are not efficiently
computable, because the I'-measure in (@) involves a bilinear
optimization. One could attempt to use the approach from [35]]
to evaluate ~y, but this does not remove all obstacles to having
an efficient method for computing I'. Here we consider instead
a semi-definite restriction of the ~y-measure in (]ZI), which
leads to alternative upper bounds on RS, (pap) and R, (pap).
Indeed, for a given bipartite operator o 45 and state p4, we
define the following semi-definite restriction of v(o 4p), taken
by fixing K4 = pa in @):

Tr[pa ® Lp] :
Tp(Vap £0aB) >0,
pARLp+Vuap >0
(52)

inf

B(UAB’ pA) = Lp,Vap€Herm

It is then clear that y(cap) < B(0aB,pa) Vpa, as well as

that T'(pap) < TA(pAB), where
T4 = inf

(paB) , nf |
B(ocap,pa)<l

D(paglloan). (53)

Note that one could also restrict the optimization of Lp by
fixing Lp = pp and obtain the following quantities:

Tr[K4 ® pB| :

B(oas,pB) = « Vin " Te(Vap £0oap) >0, ,
AVABERI Ky @ pp £ Vag >0
Y5 (pap) = inf  D(pagloag). (54)
ocap>0:
B(ocas,pr)<1
So then it follows that
T(pap) < min{Y*(pap), Y?(pan)}, (55)

as well as

o~ - 1
2 pan) < min{T2oam). T2 (pam) + o' oea (12 )

Re(pap) < min{Y4(4; B),, T5(4; B),}, (56)

where o/ = -%;, as an immediate consequence of (35)
and Theorems [IT] and [I2] To compute the upper bound in
the second line of @ efficiently, one can make use of the
relative entropy optimization method from [36]. We remark

_TA

----- Holevo information | |

0 0.2 0.4 0.6 0.8 1

Fig. 1. Lower and upper bounds on the LOCC-assisted distillable randomness
of a qubit-qubit isotropic state, as a function of the parameter p € [0, 1].

here that the quantities in (32)—(54) are related to those defined
previously in [14]|-[16], and this point is discussed further in
Appendix [I}

As an example, in Figure [I] we plot the upper bound
in (36) for an isotropic state, defined for p € [0,1] as
(1—p) %y + plap/d®, where ®%p = %Zi,j li)jla ®
|i)j| 5. For comparison, we also plot the Holevo information
lower bound from [1]. The code for generating this figure is
available with the arXiv posting of our paper. We note the
similarity with Figure 6 of [17], which is for the dynamical
case. Clearly, there is a gap between the lower and upper
bounds, and a pertinent question is to close this gap, just as
is the case for Figure 6 of [17].

VII. CONCLUSION

In this paper, we returned to the problem of distillable
randomness of a bipartite state, providing a number of upper
bounds on this quantity that are applicable in both the non-
asymptotic and asymptotic regimes. To do so, we introduced a
measure of classical correlations contained in a bipartite state.
The main measure that we used to provide an upper bound is
not clearly efficiently computable; however, we considered a
semi-definite restriction that serves as an upper bound.

Going forward from here, it is open to establish tighter
upper bounds on the distillable randomness. In future work,
we plan to apply the recent lower bound on entanglement
cost from [37, Eq. (13)], along with the identity in [38}
Theorem 1] that relates entanglement cost and 1W-LOCC
distillable randomness. It is also open to generalize these
methods to the multipartite case (here, see [39]-[41]).
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APPENDIX A
NOTATION

Here we provide some further notation needed to under-
stand the proofs in the following appendices. We denote the
unnormalized maximally entangled operator by

d—1
Tra=[NTlra,  Dra=Y_lirli)a, (57
1=0

where R ~ A with dimension d and {|i)z }¢=} and {|i) 4 }¢=4

are orthonormal bases. The notation R ~ A means that the
systems R and A are isomorphic. The Choi operator of a
quantum channel N4_, p is denoted by

N5 = Na5(Cra).

APPENDIX B
PROOF OF PROPOSITION [2] (DATA PROCESSING UNDER
LocAL CHANNELS)

(58)

We prove that y(pap) > v(warp’), which is equivalent to
the inequality (8) in Proposition 2] Let K4, Lp, and V4p be
arbitrary Hermitian operators satisfying Tg(Vap + pap) >
0 and K4y ® Lp &+ V4p > 0. Consider that the map Tz’ o
Mp_,p o Tp is completely positive, which follows because

(TproMpp oTB)(Tpsp)

= (T o Mpp o T5)(I'zp) (59)
=((Tg®Tp)oMp_p)Tsg) (60)
=TppMpop(Lgp)) > 0. (61)

The last inequality follows because Mp_, g/ is completely
positive and Tz, is a positive map, which in this case is
acting on both systems BB’ and thus preserves positivity.
We also present an alternative proof that Tg o Mp_,p/ oTp
is completely positive if Mp_, g/ is. Consider the following
chain of equalities for a Kraus decomposition of Mpg_, 5/ as
Mpop () =3, My()M]:

(Tpr o Mp—p oTp)(")

= S5 S O MHOHA ] (6
- KE%ZZ MR O] 69
- ff ;; ) S imIalm] (64
- iﬂMJMT(M» . )
- S B0, -

where E; = T(M;r ). Thus, {E;}; is a set of Kraus operators
for Tpr o Mp_,p o Tp, which implies that this map is
completely positive.

Since Na_sa and T o Mp_,p o Tg are completely
positive, it follows that

(Nasa®(TproMp_,poTE))(Tp(VapEpar)) = 0. (67)

Now consider that

Nasar @ (Tpr o Mp_p oTg))(Ts(Vas £ pag))

= WNasa @ (Tp o Mpp))(Vap + pagn) (68)
=TpNasa @ Mp_p)(Vap + paB) (69)
=T (Vi twap), (70)
where
Vg = Nasa @ M5 )(Vag). (71)
So it follows that
T (Vi £ warp) = 0. (72)

Since N4, o+ and M p_, g are completely positive, it follows
that

Nasa ® Mpp)(Ka® Lp+Vap) >0, (73)
which is equivalent to
K\ @ Ly £V g >0, (74)
where
Ky = Nasar(Ka), Ly = Mp_p(Lg). (75)

So we have shown that
Ts(Vap £pag) >0 = T (Vipg twap)>0,
(76)
KiaQLg+Vip >0 — K,/4/®LIIZ|ZV;1/B/ZO~
(77

Also, since Na_. 4 and Mp_, g/ are trace preserving, it
follows that

Tr[Ka ® L] = Te[K)y @ L. (78)
Putting together (76)—(78), we conclude that
’I‘Y[KA X LB] :
inf Te(Vap £ pan) >0,
FateVar | Ky @ Lp+Vap 20
Tr[K'y, @ L'y :
> inf Tg(Vig £warp) >0, (79)
K;/ 7L/B/7VAIB/

K\ Ly V5 >0
This concludes the proof of ().
To see @), let cop be an arbitrary positive semi-definite

operator satisfying y(cap) < 1. Then it follows from (8] that
Tarp = (Nasa @ Mp_,p/)(oap) satisfies
V(rarp) <v(oap) < 1. (80)

So then, defining warpr = (Nasa @ Mp_,p)(pap), we
find that

D(paglloas) > D(warp |74 p) &1
> inf D(wapl|tas) (82)
TA’B’ZO:
Y(Tarpr)<1



The first inequality follows from the data-processing inequality
for D, and the second from (80). The equality follows from
the definition in (@). Since the inequality holds forall 6 45 > 0
satisfying v(cap) < 1, we conclude the desired inequality in
@) after taking the infimum.

APPENDIX C
PROOF OF PROPOSITION [d] (NON-NEGATIVITY AND
FAITHFULNESS)

First, it follows that C.,(A; B), takes its minimal value on a
product state, and it is equal to the same value for all product
states. This is because one can transition from an arbitrary
state to a product state by performing local channels that trace
out the input and replace with a state. Indeed, let R (-) =
Try[-Jos and RE(-) = Trp[]7s be local replacer channels.
Then by applying inequality (8) in Proposition 2} we conclude
that

Cy(4;B), > C,(A; B).,. (84)

By the same procedure, one can transition from an arbitrary
product state to another arbitrary product state by means of
local channels. So the claim stated above follows. The same
argument, but using (9)), implies that T'(p 4 ) takes its minimal
value on product states.

We now prove that this minimal value is zero. By definition,
for a product state wap =04 ® 7B,

Tr[Ks ® Lg] :

Tg(Vaptoa®7p) >0,
Ka®Lp£Vap >0

v(A; B), = inf

Ka,Lp

VABéHeljm
(85)
Applying some of the constraints, we conclude that
Tp(oa ®@71) < Tp(Vag), (86)
Vap < Ko ® Lp. (87)

Now taking a trace over these constraints, we conclude that

(88)
(89)

So this establishes that v(A; B), > 1 for every product
state wap (and also y(A4;B), > 1 for every state pap,
by combining the observation in the first paragraph with
~v(A; B),, > 1 for every product state w4 p).

To see the opposite inequality for a product state wap, let
us make the choice Vap = Tr(0a ® 75), K4 = 04, and
Lp = 7p. For this choice, all constraints are satisfied, in
part because the partial transpose map is a positive map when
acting on a product state. So it follows that v(A; B), < 1,
and combining with what we previously showed, we conclude
that v(A; B),, = 1 for every product state.

Now we turn to I'(pap). Consider that, for an arbitrary
positive semi-definite operator o 4p, the condition y(cap) <
1 implies that Tr[ocap] < 1 because the following holds for
arbitrary Vap, K4, and Lp satisfying the constraints in 2):

Trloap] = Tr[Tp(0aB)] < Tr[Tp(Vag)] (90)
= TI“[VAB] S TI“[KA ® LB] (91)

1:TI‘[O‘A®TB]=TT[TB(O’A®TB)]
< Tr[Tg(Vag)] = Tr[Vap] < Tr[K4 ® Lp].

Then taking an infimum over all Vsp, K4, and Lp sat-
isfying (2) and applying the assumption y(cap) < 1, we
conclude that Tr[o 4] < 1. Now applying a trace channel to
D(paglloap) and the non-negative property of a generalized
divergence (i.e., D(1]|c) > 0, Vec € (0,1]), we conclude that
T(pag) > 0 for every state pap.

If the state of interest is a product state (i.e., wap =
o4 ® 7B), then it follows that v(wap) < 1, as argued above,
so that we can choose 0 45 = w4 . With this choice it follows
that T'(wap) < D(wap|lwap) = 0, with the latter equality
following from the zero-value property of generalized diver-
gences. Combining with the previous inequality, we conclude
that T'(wap) = 0 for every product state wap.

Let us now turn to the proof that C,, is faithful, i.e. that
Cy(wap) = 0 implies wap = pa @ Tp is a product state, and
that I is also faithful provided that the underlying divergence
D is lower semicontinuous in its second argument. First,
observe that Cy = I for the particular choice of divergence

—logc
+oo

o =cp,

otherwise, ©2)

Disll) = {
This observation is related to the inequality in (3). Indeed,
when performing the optimization for I, consider that choos-
ing o4 p to be any operator other than cp4p leads to a value
of +oc0. This then forces 045 to be equal to cpsp for some
¢ > 0, and the objective function for I'(p4p) reduces to

inf D c = inf —log, c
0y DPaslicpan) = | Tl | ~logs
= inf ~ —logyc
c>0,c§m
= logy v(paB), (93)

following from the scaling property of D and the scale
invariance of y(pap) (Proposition [6). Since the divergence
in happens to be lower semicontinuous in its second
argument, it suffices to prove the claim for I'.

Thus, let wap be a state such that I'(wap) = 0. Due to (@),
for all § > 0 we can find o045 > 0 such that Trloap] <
v(oap) <1 and

6 > D(waplloap) > D(1]| Tr[oap]) = —log, Tr[oas],
(94)
where we also used the data processing inequality and the
scaling property for D. Combining these two inequalities
yields

Y(oap) <1<2°Troap. (95)

By definition of ~, we now find a Hermitian opera-
tor Vap and positive semi-definite K4 and Lp such that
Tg(Vaptoag) > 0, Kx ® Lgp £ Vyp > 0, and
Tr[K 4 ® L] < 1. This implies that

1> Tr[K4 ® Lp| (96)
> Tr[Vag] 97)
= Tr[Ts(Vap)] (98)
> Tr[Tp(ocaB)] (99)



>277, (100)
and thus in turn that

[Ka® L —oasl,

<||[Ka®Lp—Vaplly +Vap —oasll; (101)
=Tr[Ka® L — Vap] + [|[Vap — 0asl, (102)
<1-27% + min{da,dp} |Ts(Vap —oap)|l, (103)
=1-27° 4 min{da,dg} Te[Tg(Vap — oap)] (104)
< (1 +min{da,dp}) (1 —27°). (105)

In the above calculation, we used the fact that ||Xap|1 <
min{da,dp} ||Ts(Xag)||; for every Hermitian opera-
tor X 45 (see [42] proof of Proposition 7]), as can be seen im-
mediately by writing a spectral decomposition for T(X a5)
and leveraging the fact that |73 (¢ ap)||; < min{da,dp} for
all pure states Y45 (42, Proposition 8].

Since § > 0 is arbitrary, we have shown that we can
construct a sequence of subnormalized states o4p(n) with
the property that (a) lim, oo D (waplloap(n)) = 0 and
(b) lim,, oo ianA,LB ||O’AB(TL) - K4 ® LBH1 = 0. Since the
set of subnormalized states is compact, up to extracting a
subsequence we can assume that lim,, .o, cap(n) = oap;
due to (b) and to the closedness of the set of tensor product
operators, we have that cap = pa ® 75 is itself a product
subnormalized state. But then (a) together with the lower
semicontinuity of D imply that

O:nILH;oD(wABHUAB(n)) (106)
> D(waglloa) (107)
ZD(wABHpA@TB). (108)

By faithfulness of D, this is only possible if wap = pa ® 75,
which concludes the proof.

APPENDIX D
PROOF OF PROPOSITION [5] (DIMENSION BOUND)

The first inequality in (I3) follows from recalling (3). So
we prove the second inequality in (I3)). Let us set K4 = pa,
Lp = Ip, and Vap = pa ® Ip. For these choices, we have
that

TI‘[KA(X)LB] =dpg. (109)

We now need to argue that these choices are feasible, i.e., that
they satisfy

Tg(Vap £ pagp) >0,
Ka® Lg Vg > 0.

(110)
(111)

The second set of inequalities is trivially satisfied. For the first,
consider that we need to show that

Te(Vap + paB) = pa®Ip +TB(paB) (112)
=P (pan) (113)
>0, (114)
Tp(Vap — pa) = pa®Ip —Tp(pap) (115)
=Pg(pan) (116)

>0, (117)

where the linear maps P}, and Py are defined as

PL() =Trp[Is + Ts(:), (118)
Py () = Trg[|Ip — Tp(-). (119)
The Choi operators of these maps are given by
P#(Trp) = Irp + Frp = 21155, (120)
Ps(TrB) = Irp — Frp = 217, (121)

where Frp is the unitary swap operator and H‘f2 p and H“}% B
are the projections onto the symmetric and antisymmetric
subspaces, respectively. Since these operators are positive
semi-definite and they are the Choi operators of Pg and Py, it
follows that P}, and Py are completely positive maps. Thus,
the constraints in (TI0) hold, and we conclude the upper bound
Cy(4;B), < log, dp.

The proof of the other upper bound is similar, and we show
it for completeness. Pick K4 = I4, Lp = pp, and Vup =

I4 ® pp. For these choices, we have that
TI”[KA@LB] =dy. (122)

We need to argue that these choices are feasible. The constraint
in (ITI) holds trivially. The first constraints in (TI0) become

(123)
(124)

Tg(Vap + paB) = 14 @ Ts(pp) + Ts(pas) > 0,
Te(Vap — pap) =Ia ®Tp(pp) — Te(pap) > 0.

The inequalities above are equivalent to the following inequal-
ities because they are related by taking a full transpose:

Ia®pg+Talpan) >0,
Ia®pg—Talpan) > 0.

(125)
(126)

Then we conclude that the constraints are satisfied because
Pi(pap) = Ia ® pp + Ta(pap) and Py (pap) = 14 ®
pp — Ta(pap), and we already proved that PX and P, are
completely positive.

APPENDIX E
PROOF OF PROPOSITIONE] (CLASSICAL COMMUNICATION
BOUND)

Let K4, Lpx, and V px be arbitrary operators for the
optimization problem for C.,(A; BX),, which satisfy

Tex(Vapx £ papx) >0, (127)
Ka®Lpx £Vapx > 0. (128)
Pick
Ky = Ka®Ix, (129)
/B = TI‘X[LB)(], (130)
VA/XBX = ZX(VABX)a (131)

where Ax(-) ==Y, |#)Xz|(-)|z)xz| is the completely dephas-
ing channel. Then we find that

Tr[K)x ® L'g] = Tr[Ka ® Ix @ Trx[Lpx]] (132)



:TI‘[KA®LBX] TI‘[Ix] (133)
:TI[KA®LBx]dX (134)
We then need to show that

Ts(Vapx £ paBx) >0, (135)
Ky @@Ly +Vigx >0. (136)

Since Ax is a completely positive map, we see that
Ky®Lpx £Vapx >0 (137)
= Ka®Ax(Lpx)+Ax(Vapx) >0  (138)
= Kis®Ax(Lpx)£Vigx >0. (139

We also have that Ax(Lpx) < Lp ® Ix, which follows

because
x(Lex) ZL ® |z)z|x (140)
< Z Ly @ Ix (141)
x
=Lp®Ix, (142)
where
Ly = (z|Lpx|z)y (143)
The inequality Ax (Lpx) < Lp ® Ix implies that
Ka®Lp®Ix+Vigy >0 (144)
=  K\y®Ly+Vigx >0. (145)
Now consider that
Tpx(Vapx £ papx) >0 (146)
= Ax(Tex(Vapx £ papx)) >0 (147)
= Te(Ax(Vapx) £ Ax(papx)) >0 (148)
— TB(VABX ipABX)ZO- (149)

In the above, we applied the equality Ax o Tx = Ax. Since
K\ x, L'y, and V5 are specific choices that satisfy the con-
straints for C.,(AX; B),, we conclude the desired inequality
after minimizing over all such operators and noticing that the
objective function for C,(AX; B), is Tr[Ky y ® L'5], which

satisfies (132)—(134). This establishes (I8).

To see (19), consider that
log, dx +T'(4; BX),

=log, dx + inf D(papxlloasx) (150)
ocaBx >0,
7(A;BX), <1
= inf D(papxlloapx/dx) (151
oaBx >0,
¥(A;BX), <1
= inf D(pasx|oasx) (152)
oapx 20,
Y(A;BX) 4y o0 <1
= inf D(papx|lohsx) (153)
oax 20,
dx v(4;BX),1<1
> inf D(papxlloapx) (154)
oapx 20,

v(AX;B),<1

—T(AX;B),. (155)

The fourth equality follows from Proposition [6] and the
subsequent inequality from (T8).

APPENDIX F
PROOF OF PROPOSITION [§] (SUBADDITIVITY)

Let K}, Lg, and V} 5 be feasible choices for
C,(Ay; By), (satisfying the constraints in (2)), and let be,
L%, and V3 p  be feasible choices for C, (As; By),. Then it
follows that Ky ® K3 , Lp ® Ly, ,and Vi 5 @ V3 p are
feasible choices C. (A1 As; B1B3),. This latter statement is a
consequence of the general fact that if A, B, C, and D are
Hermitian operators satisfying A+ B > 0and C + D > 0,
then A® C &+ B® D > 0. To see this, consider that the
original four operator inequalities imply the four operator
inequalities (A + B)®(C £ D) > 0, and then summing these
four different operator inequalities in various ways leads to
ARC+B®D >0.

To see the inequality in @), let wa,B, > 0 satisty
v(A1;B1), < 1 and let 04,5, > 0 satisfy y(Ag; Ba)g < 1
Then, by applying (20), we have that (A1 A2; B1Ba)wge <

Y(A1; B1)w - 7(A2; B2)g < 1, so that

F(AlAz; BlBg)p (156)

= inf D(pA1A2Ble||CA1A2Ble) (157)
CAyA5B,; By >0,
Y(Cay A58, By) <1

= inf D(UAIBI @ TA, B, ||<A1AzB1B2) (158)
CAqA5B; By 20,
v(Cay 4,8, B,)<1

< D(0a,B, ®TaB,|wa, B, ®04,8,) (159)

< D(oa,B, lwa,B,) + D(74,B, 04, 5.).- (160)

The last inequality follows from the hypothesis that D is sub-
additive. Since the inequality holds for all w4, 5, and 04,5,
satisfying the constraints for I'(A4y; B1), and T'(As; Bs),,
respectively, we conclude the desired inequality in (Z1).

APPENDIX G
PROOF OF LEMMA

Let oap satisfy o4p > 0 and let K4, Lp, and Vyp
be Hermitian operators satisfying the constraints for y(ocap).
Consider that

F(@jB,aAB) < F(@f’w, (BAs 2 Ap) (O—AB)), (161)

where A is a local dephasing channel, defined as

d o) ] (162)
We then find that )
(ZA ®ZB) (caB)
= di:l [tm)m|apoapltm)fm|ap (163)
£:m=0



= Tr[[eXlla ® |m)Xm|p oaB] [ a @ [m)m|p.
(164)

Then the fidelity F(@iB, (As® Ap) (O’AB)> becomes the
classical fidelity, i.e.,

F(E‘;B, (Bs®Ap) (UAB))

-1 7
= Z \/d Tr[lm)Xm| ® |/m}m|oap] (165)
m=0
Then we use the fact that
Tr[lm)(m|a @ [m)}m|poas]
= Tr[[m}m|a @ [m}m|sTs(0aB)] (166)
< Tr[jm)m|a @ [m)}m|pTp(Vas)] (167)
= Tr[lm)(m|4 ® [m)(m|5Va5] (168)
< Tr[lm)m|a ® [m)}m|pKa ® L] (169)
= (m|Ka|m)(m|Lg|m). (170)
so that the classical fidelity is less than
2
1
[Z |/ Sl slmym | Lolm)
1
<z %}<leA|m> ;<m\LB|m> (171)
_ éTr[KA] Te[L5] (172)
= éTI‘[KA@LB]- 173)

We applied the Cauchy—Schwarz inequality. Now leveraging
the assumption that y(c4p) < 1 and taking an infimum over
all K4, Lp, and Vg satisfying the constraints for v(oap),
we conclude that
— 1
F(@iB,o—AB) <=
We conclude the statement of the lemma because we have
proven that this inequality holds for all o 4 satisfying cap >
0 and ’Y(UAB) <1.

(174)

APPENDIX H
PROOF OF PROPOSITION

Recall the following inequality from [24, Lemma 1]:

~ ~ @
Da(pollo) — Dp(prllo) =

(175)

1 logy F(po; p1),

where pyp and p; are states, o is a positive semi-definite
operator, « > 1, and f satisfies 5 + % = 1, so that
B € (1/2,1). By the same argument given in [43, Lemma 14],
this implies that
Fa(wan) = s (Ths) = =5
!
a—1

Y

log, F(@jB, wAB) (176)

v

logy (1 —¢). (177)

We can rewrite this as

o 1 ~ /—d
] >
110g2(1€> _rﬁ(@w) (178)
~ (=
> T ((I)AB> (179)
> log, d, (180)

'y
(wap) + -

where the second inequality follows from S-monotonicity of
the sandwiched Renyi relative entropy (see [26, Prop. 4.29]),
and the third from Lemma

APPENDIX I
RELATION TO (3- AND Y-MEASURES OF [[14]]-[16]]

In this appendix, we discuss the relation of the y, Cy, and I’
measures introduced in the main text, with the 8, Cg, and Y
measures from [14{]-[16].

Indeed, by fixing the operator K 4 in (Z) to be the marginal
operator o4 (where o4p is a bipartite positive semi-definite
operator), we arrive at the following quantity:

Trlos ® Lp] :

Tp(Vap£oap) >0,
0cA®Lp+Vap >0

= inf
ﬁ(JAB) LB,ViI;gEHerm

(181)
This is precisely the static version of the 5 measure from [[14}
Eq. (45)]. We also define

Cs(oap) = Cs(4; B), :=log, B(caB). (182)
For a bipartite state p4p, we then define
Y(pap) = _inf D(paploan), (183)
ocap>0:
B(cap)<1

which is the static version of the Y measure from [15}
Eq. (49)]. The following inequalities clearly hold, by applying
definitions:

T'(pap) < Y(pap)-

Thus, 8, C, and Y can be understood as static counterparts
of the corresponding measures of classical correlations of a
channel, from [14]]-[16]. We wrote them down explicitly above
to make the connection with prior literature. However, in the
main text, we focused exclusively on v, C, and I' because
these quantities lead to tighter upper bounds on the distillable
randomness. The semi-definite restrictions of these quantities
in Section |VI| are closely related as well with 3, Cj, and Y,
and as discussed there, they lead to computationally efficient
upper bounds on distillable randomness.

We finally note that the static - and Y-measures for a
bipartite state and the dynamic ones for point-to-point channels
are further generalized by the corresponding measures for a
bipartite channel, as proposed in [17]. As such, the v, C,,
and I" measures can be generalized to bipartite channels,
as considered in [44], and will be the subject of a future
publication.

Y(oap) < B(oan), (184)
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