Quantum Algorithms for Testing

Hamiltonian ngmetrg -

Mark M. Wilde
School of Electrical and Coml:)utcr Engineering, Cornell University

Joint work with Margarite | aBorde and available as arXiv:2203.10017

Mathematical Results in Quantum Theorg

~ 4 ~ g3 7
e R N e e ~ i 4 N v 5 .
3 :

NGRS o s PRSI L o ST N

University of Calitornia Davis

]

e TR T TR R T e e A5 22 . SGEEET——— »



o gy,

- ey~

» w\_,...‘imma\\km-‘.ﬁ,&—up i

WA CPEOrGINCBY T

s bbbl o o o I L St

L B

P« e

* Stl” 68?@ tO IIVC here7 Cahgomla GOlCl FUSI"I CﬂClCCl IOﬂg time ago. o

First time visiting Davis, CA

o View from my hotel window at Residence Inn:
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Motivation

- Noe’tlner’s theorem eluciclates the ?unclamental role

of symmetry in Phgsics, in which every continuous
symmetry of a Phgsical system corresl:)oncls to a

conservation law

> Goal: (lse quantum comPuters to test sgmmetries o?

Hamiltonians

* In general) this task is coml:)utationang ditficult for

classical coml:)uters
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Subject: Accepta nce- LaBorde

e: I

Quantum algorithms for testing Hamiltonian symmetry
by Margarite L. LaBorde and Mark M. Wilde

Dear Mrs. LaBorde,

We are pleased to inform you that your manuscript has been accepted
for publication as a Letter in Physical Review Letters.




Hamiltonian ngmetrg

s let {U(Q)},eq denote a unitarg representation of a finite group G
+ A Hamiltonian H is G-symmetric F[U(g),Hl=0forallg e G

o (Can measure aPProximate symmetrg Via the commutator norm

%Z | (W), H1 |, where llAll, =/ Tria"A]

gel

e e . B T o i S IR » et e e Yo SIS N . R et D e i e o S S - =
o e R R Yt i S ST N e e > - S A S A . Ll b Mo e e




Assumptions for Algorithm

- Assuml:)tion: 3 eHicient circuit implementing U(g)torall g e G

o Can take aclvantage og group structure in some cases to

emcﬁcientlg implement Contro”ecl~U(g) circutt

+ Hamiltonian is either k-local or described ]39 a sparse matrix (such

that etficient Hamiltonian simulation is Possible)
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EHicient Algorithm for Hamiltonian Symmetry Testing

0) QFT

« Initialize control qubits to all zeros state |0) and system qubits to maxima”g mixed state I/d

@ Applg c]uantum Fourier transform (OET) to control qubits
* APP!9 controlled unitaries and Hamiltonian simulation exp(—iHr)

* Applg inverse QFT to control qubits, measure them, and accep’c it the all zeros outcome occurs
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Acceptance Probabilitg

1
d|G|

Z Tr [U(g)TethU( 9) e—th]
gelC
2

2d| G|

* Accel:)tance Probabilitg =

— 1

Y | we.H |+ o

gelC
» Algorithm thus accepts with certaintg it and on|9 i+ His G—-vsgmmetric

o Also: It accepts aPProximatelg H His aPProximate|9 G~53mmetric
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Steps of the algorithm

Initial state: |0)¢|y)q (suppose for now system § Prel:)arecl as |y))

Atter first QF T | + )dl//)SWh@FC [+ ) = ‘G|—% z [8)c

gelC

After controlled gates and Hamiltonian simulation: | G |_% Z |g)CU(g)er_thU(g) | W) ¢

Acceptance Probabilitg:

gelG

(+1.®I)1GI77 Y 18)cUe) e M Ug) )y
gelC




Simpliﬁcation of acceptance Probabilitg

2
1 :
(+1.®1)1GI7Z ) |8)cU®) e ™ U() |w)s
gelG
2
1 ' :
= || IGI™" ) U®)Te ™ U(g) |w)s
gelG
2
=G|yl ), Ug)e™U(g) ) U e ™U(g) |y)s
g'eG gel
=G| )Y (wlUE)e™U(gHU(g) e MU(g) |w)s
g,2'eG
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. Simpliﬁcation of acceptance Probability (ctd) §

o When |y) is chosen unhcormlg at random, then Pre\/ious exprcssion becomes

= 1GI2 Y (wl Ue) e Uig)Ug) e ™ U (g) )
g,2'eG

=d™'GI™ Y Tr [U(g) e ™ Ug)Ug)e HU(g)]
2,8'€G

=d7'|G|7? ) Tr|Ug)U))e™U(g)U(g)e™
g.2'eG

=d ' |G| ) Tr[Ug)le™U(g)e ]
gelC

— 4

. s - e e —————— SRS N A VRS s —_ T T P T T Iy e AN A = i 1A 22 —r. S Ty . o0 TP

iy Y /""‘W’Um’- » ool b g S - R R v RN TR “"M P T .‘?":"7‘:"'. .4 2 . o o . —— = S
S N e - e 4 - el s -~

I



E‘xpansion of acceptance Probabilitg

2 Tr [U(g)T thU(g)e—lHt]
gelC

Acceptance Probab lltg d\ Gl

is an even function of ¢

= After expancling int, odd powers in ¢ vanish
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Expansion of acceptance Probabilitg (ctd)

+ Can exploi‘c Bake:ﬂ-CameelLHauscﬂorﬁc formula to find that

(tH1)", U(g)
il ZTr [Uere"Uie 21 1GI > T U*@Zul

=(C g2eG
=16 > Z( L ()", U(g)] 2
2€G n=0 211 ) 2
o where the nested commutator is defined as
[ XA R . (0O V=)
atimes

1%



Expansion of acceptance Probabilitg (ctd.)

o Thus, it exPands as

I - - ol )
| T iHt —iHt] _ 5
LTl T - ) o D e vl
g€l D) G .
. Keeping the first two terms gjves
1 . | 2 :
T i Hr —iHt] _ 1 _ A
ey geZGTr [Ug)T e U(g)e 1] = 1 et g{; | (). H1 || + ot

. Expression for aPProximate sgmmetrg appears N acceptance Probabilitg
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Remark about continuous sgmmetries

For finite-dimensional systems, we can also use these algorithms to test for

continuous sgmmetries (Where G 1s a continuous group)

This follows because the acceptance Probabilitg can be written in terms of the

twil 76(-) =[G ) U@)(-)U(g), as
gelC

2 Ty U(g)T lHtU(g)e—lHt] = %TI’ [gG(eth)e—th]

d\G\ s

Twirl for continuous caseis T (- ) = Jd,u(g) U(g)'(-)U(g)

l n\/olqng Caratheoclorg S theorem there exists a ﬁnlte lmplementatlon OF tl’)C tWIrI

R e e SR DR BT, = B sy T e SO T T T T e e, t— = ——. e — o
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Computational complexitg

* We can also prove that estimating the accePtance Probabilitg 1S a

DQCl~coml:>|ete Problem

o This gives evidence that the accePtance Probabilit9 will be

ditficult to estimate using a classical coml:)uter
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Review of DQC]

& DO | Only one qubit can be Prepareol N a pure state and all others

are maxima”g mixed

d
I/d

o Thus weaker than bounded quantum Polgnomial time computations

-

T T e T R A e T S TP T R s T T D S T T, e ST s m— I e e it . T g —— T T e S —

(i’ i 40 e o At

I/



Review of DQC] (ctd.)

» Acceptance pro. babi htg in this case glven bg
Tr[(| 1){1] @ HU(|0){0| @ I/d)U"]

© Goal s to estimate thls quantltg to WIthm aclchtlve Sro

-
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Containment in DQCI

s DQCI complexity class does not change it there are loglog d pure
B o I

qubits, because there is onlg a Polgnomial increase in number of

rePetitions needed to estimate acceptance Probability

* By inspection) algorithm thus contained in DQCI
0) QFT

1/d




Hardness for DQCH

RI[Tr[U]]

Known: Estimating - S DQCI~comP|ete, where U is unitary generatecl bﬂ quantum circuit

We prove that estimating R[Tr[U?1]/d is also DQC]—-comPlete, bﬂ consiclering controlled unitarg

(10X0| ® I+ |1X1| @ U) (ox ® 1)

Then PiCK the group to be Z, with rel:)resentation (I,V}, where V=|0X1|® U+ |1X0| ® U', and

the Hamiltonian to be one that realizes H, ® I via Hamiltonian evolution, where H, is a2 x 2

Hadamard gate

For the above choices, (d|G|)™! Z Tr[UT(g)e™"U(g)e "] = R
gelCG

202

:Tr[Uz]:
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f Example: Transverse~Field lsing Model

e g e NS AR ONC  pn  char - o
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.' - Cyclgc snjfts.N=3 2
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VOA for Hamiltonian ngmetrg Testing

* 59 modigging the Previous Hamiltonian sgmmetrg testing algorithm to

optimize over inPut states, we get a variational quantum algorithm:

T o

* /—\ccel:)tance pro. babi |1t9

= | =X vwe Ut | 21-—=73 | [ve.H] | -o0@
‘G‘ gelC |G| geG
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Summarg

. Proposed an eHicient quantum algorithm for testing Hamiltonian symmetry | ‘

* Accel:)tance Probabilitg contains familiar exl:)ression of Hamiltonian

sgmmetrg

+ Gave evidence that accel:)tance Probabilitg cannot be estimated @Cﬁcientlg w

:

]39 a classical coml:)uter
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Outlook

+ Would like to implemeﬂt |arger instances of algorithm on existing

quantum computers

+ Would like to moclhcg these algorithms to learn Hamiltonian sgmmetrg

+ Would like to 5tu<:l9 variational quantum algorithm further and

implement it on existing quantum Computers

o Canwe use these algorit]*xms to solve open Problems N Physics?
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