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Quantifying  Correlation	
•  Given a bipartite density matrix ρAB, we can 

quantify the correlations between Alice and Bob 
using the quantum mutual information: 
 
I(A;B) = H(A) + H(B) – H(AB) 
 
where H(S) is the von Neumann entropy of a state 
on system S (use natural logarithm). 
 

•  Advantage: simple to compute and has an 
operational interpretation as the amount of local 
noise needed to destroy all correlations, so that 
ρAB è ρA ×ρB 



Quantum  mutual  information	

•  Quantum mutual information is about closeness to 
a product state 

•  Define fidelity between two states as 

 
•  F is between 0 and 1. F near 0 means states are 

nearly orthogonal and F near 1 means they are 
nearly indistinguishable 

•  It is known from Pinsker inequality and continuity of 
entropy that 

 
      (however, read these theorems carefully for details) 



Fidelity  to  product  states	
•  The surprisal of the fidelity to product states can act 

as a proxy for mutual information: 

•  Can even optimize over the “closest” product state: 



Quantum  mutual  information	
•  Disadvantage: neglects third parties, which is 

particularly relevant for quantum cryptography 
•  Example: 

 
 
 

•  State has log(d) “nats” of 
mutual information, but… 



What  about  Eve?	
•  Alice and Bob’s state could be the reduction of a 

larger state in which Eve has a system: 

 
•  So even though Alice and Bob are maximally 

correlated, they have no privacy from Eve! 
•  Situation becomes even 

more complicated for 
a fully quantum Eve! 

Alice              Eve                    Bob	

Alice              Eve                    Bob	



Conditional  mutual  information	

•  Conditional mutual information quantifies how 
correlated Alice and Bob are from Eve’s perspective: 
 
I(A;B|E) = H(A|E) + H(B|E) – H(AB|E)   ≥ 0 (SSA) 
 
where H(F|G) = H(FG) – H(G) 
 

•  Intuition: If I(A;B|E) is high, then it is not possible for Eve to 
recover either the A or B system by acting on hers 
alone… conversely, if I(A;B|E) is low, then Eve can 
recover (see Fawzi-Renner 1410.0664) 

•  This is the basis for the squashed entanglement measure 
(if correlations between Alice and Bob are classical, then Eve can recover them) 



Back  to  Alice’s  concern	
Alice says next: 
 
Bob, if you were to lose me, 
then I fear that Eve would 
be able to regain with you 
everything that we shared 
together… 
 
To which Bob replies: 
 
If you’re so concerned 
about that, then you should 
have entangled me… 
 
Furthermore, I actually have 
the same concern about 
you and Eve… 



Fidelity  of  recovery	
•  Quantify how well Eve can recover a “lost Alice” 

with the fidelity of recovery: 

•  In a picture, 



Surprisal  of  FoR	
•  Negative logarithm of a probability is called the 

“surprisal”. So we get the surprisal of the FoR: 

•  One of our main contributions is to show that IF 
“follows” the conditional mutual information, in the 
sense that it obeys many of the same properties… 



Comparison  –  I(A;B|E)  vs.  IF(A;B|E)	
•  Both are non-negative and equal to zero if and only 

if the state is a short quantum Markov chain 
•  I(A;B|E) ≥ IF(A;B|E)          (Fawzi-Renner) 
•  Both are monotone non-increasing under quantum 

operations acting on A or B alone 
•  Both obey dimension bound ≤ 2 log|A| for 

quantum A and ≤ log|A| for classical A 
•  Additive on tensor-product states (Berta & Tomamichel) 
•  Chain rule? 
•  Both obey duality: for four-party pure state on ABEF, 

 

I(A;B|E) = I(A;B|F) 

Eve	 Frideborg	



Proof  of  duality	
•  Uhlmann’s theorem is a powerful tool in quantum 

information theory:  

•  Duality of fidelity of recovery IF(A;B|C) = IF(A;B|D) 
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Squashed  entanglement		
•  Squashed entanglement of bipartite state ρAB 

defined as 

•  Eve makes her best attempt to “squash down” the 
correlations between Alice and Bob 

•  Relevant to QKD by giving upper bounds on key 
distillation rates 



Geometric  squashed  entanglement	

•  Define by using surprisal of fidelity of recovery: 

•  Obeys many of the same properties as squashed 
entanglement 

•  Faithful, i.e., non-negative and zero if and only if 
state is separable 

•  Monotone under LOCC 
•  Reduces to geometric(-like) measure for pure states 
•  Normalized on maximally entangled states 
•  Subadditive, Continuous 
•  Additive? Monogamous? Asymptotically continuous? 



Proof  of  faithfulness	
•  Use recovery idea from Winter and Li, to extract many 

copies of A from E alone which gives a k-extension of 
original state: 

•  If it is possible to do so 
with high fidelity, then 
Alice-Bob state must not 
be very entangled 
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Quantum  discord	
•  Quantum discord as the gap between mutual 

information and “classical correlation” of ρAB: 



Quantum  discord  as  conditional  
mutual  information	

•  A measurement is a quantum channel, and thus 
can be represented as a unitary on a larger system 
including an environment: 

So  discord  is  about  recovering  a	
“lost  environment”  of  a  measurement	



Surprisal  of  measurement  
recoverability	

•  Define a discord-like quantity by replacing I with IF: 

•  After some steps, we find that this is the same as 
 
 
 
where the optimization is over entanglement 
breaking channels 

•  Idea is that if state is not perturbed by some EB 
channel, then it is not very quantum 



Lower  bound  on  discord	
•  Interesting new lower bound on discord: 

•  So discord nearly equal to zero if and only if state is 
approximately unchanged after performing some 
entanglement breaking channel 

•  Suggests that discord-like measures should be 
based on this principle, rather than closeness to 
classical-quantum states 



Properties  of  surprisal  of  
measurement  recoverability	

•  Non-negative and equal to zero if and only if state is 
classical-quantum 

•  Invariant under local unitaries 
•  Dimension bound: DF ≤ log|A| 
•  Equal to log|A| for maximally entangled state 
•  Monotone under local operations on the 

unmeasured system 
•  Continuous  
•  Hierarchy of efficiently computable, discord-like 

measures that approximate it (Piani arXiv:1501.06855) 



Conclusions	

•  Fidelity of recovery introduced to quantify an 
approximate quantum Markov chain 

•  Similar to conditional mutual information and is a 
meaningful lower bound for it 

•  Can derive entanglement and discord-like 
measures from it 

•  Can extend to the multipartite case, but more work 
to be done here 

•  Is there a “pretty good recovery” (transpose 
channel) which does nearly as well as optimal? 

•  Applications to topologically ordered systems, 
communication complexity, measure of 
Markovianity (go to next slide) 




