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Main goal of talk

+ Give an axiomatic formulation of quantum conditional entropg

+ Prove that every function satismcging the two axioms must take on

negative values 1Cor certamn cntanglecl quantum states

+ Justifies whg any Plausible conditional entropg takes on negative

values in quantum information (“knowing less than nothing”)




Postulates of classical mechanics

+ State of a classical system described bg a Probabilitg vector p,

with entries 5ati51cging

.28 %, > p =

X

» Classical evolution described 133 a stochastic map/ matrix, called

a classical channel

. Probabilitg vectors for comPosite sgstems are elements of

tensor~l:>rocluct vector spaces
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What is entropg?

“Knowleclge gainecl upon leaming the outcome of a

random experiment”

Die Toss: if deterministic, don’t learn anything 1:39
Performi ng, the toss

I unhcormly random, we learn log, d bits

If successive tosses are inclel:)enclent) expect

entropg to be additive

(stick to finite random variables throughout)




Formulas For entropg

|
* sh t H(X) = 1
annon entropy (X) = Z p(x) ng(p(x) )

* Reny entropy H (X) =

]l —«a

log, ) p“(x), where a € (0,1) U (1,00)
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Axiomatic aPProach to entropg

Shanhon entropg UﬂiC]UCIg CICﬁHCCI li)g some axioms

DroPPing one of them leads to the Rengi gamilg |

Whg are these natural?

We can reduce tojust two axioms and derive several basic

Properties of entropg from these
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Two basic axioms for entropg

E’:ntropg H is a function that is not equal to the zero function and

s A uncertaintg measure

2) additive for Procluct distributions: H (P ® q)=H(p)+H(q)

Gour and Tomamichel, arXiv:2006.11164
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Mixing oPerations define uncertaintg measures

o Whatis a mixing operation? A random

relabeling of values

& Mathema’cicangz Mp = Z q.P,p’, where

19:};1s a Probabilitg distribution, {P.};is

a set of Permutation matrices

< Mixing oPerations preserve the uniform

distribution: W = Mu
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Uncertainty measures

| et us define a function fto be an uncertainty measure for a

Probal:)ilitg distribution 7" if

D It does not decrease under the action of a mixing oPeration:
f(P) < fMD)

2) It is invariant under embeclclings: D) =f7T ®0)
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Consequences of cntropg axioms

zero for clegenerate distributio

NS

o His non~negative for all Probabilitg distril

Hutions and equal to

* H is maximal for uniform distribution %, of size d (among all

distributions of size d)

« if we normalize H such that H(w',) = 1, then H(%’)) = log, d
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Gour and Tomamichel, arXiv:2006.11164
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What is conditional entropg?

“Knowleclge gained upon leaming outcome of X givcn that value of Y has

alreadg been observed’ (X and Y are two random variables)
fXandY inclepenclent) no difference between entropy & conditional entropy

I8 clel:)enclent, lmowleclge of Y informs about X, and so conditional entropy of
X given Y is not greater than entropy of X

E:xl:)ect also to be additive for inclel:)enclent trials




Formulas for conditional entropg

+ Conditional Shannon entropg

1
H(X|Y)= HXY)— H(Y) = 1
(X|Y) = HXY) — H(Y) Zp(y)[zx:p(xw) ng(p(x‘y))]

3

+ Conditional Rc—:ngi entrol:)g

log, Z p(x, y)p' ")
XsY

Ha(X‘Y)z

]l —«a




Two basic axioms for conditional entropg

Conditional entropg H is a function that is not equal to the zero

function and

D is a conditional uncertaintg measure

2) additive for Procluct distributions:
H(X,\X,|Y,\Y,)

— — —
P x,v,®4qx,y, P X7 9 X5Y,




Maximal conditional uncertaintg

* Amixing oPeration preserves the uniform clistril:)ution, and this implies

that the uniform distribution has maximal uncertaint9

+ Whatis a bivariate distribution of maximal conditional uncertainty’?

First guess: Uyy = Ux® Uy




Maximal conditional uncertainty (ctd)

However, many others: Wy ® ¢y, where @'y is an ar]:)itrarg distribution

Conditional uncertaintg: how well one can guess X when Y is available

fYis inclepenclent of X, then itis of no use in trying to guess X and

uniform distribution for X is most dithcult to guess

Thisjustiﬁes (Wy® Gy: gy E Py} as a maximal conditional

uncertaintg set
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Conditional mixing oPerations

» Achannel Myy_ vy is a conditional mixing operation it for every

distril

>ution Fy such that

— — — —
Myy_ xy(lux @ qy) = uyx @ ry

, —_— , , 2
Oution ¢ vy, there exists a distri

o That S, conditional miXing, oPerations preserve the set of bivariate

distributions of maximal conditional uncertaintg




Conditional uncertaintg measure

A function fis a conditional uncertainty measure for a bivariate

PI”O

1
D4da

1)

bilitg distribution 7' yy it

It does not decrease under the action of a conditional mixing

operation: f(p) < fiMp)

2) It is invariant under a local embeclcling of X

. el [

1
0

] s a local cmbeclcling




Two basic axioms for conditional entropg

Conditional entropg H is a function that is not equal to the zero

function and

D is a conditional uncertaintg measure

2) additive for Procluct distributions:
H(X,\X,|Y,\Y,)

— — —
P x,v,®4qx,y, P X7 9 X5Y,




Consequences of axioms

o His non~negative for all bivariate Probabilit9 distributions

+ H reduces to an entropg for Procluct distributions:
HX|Y)5 g7, = H(px)

+ H is maximal for uniform distribution of size d (among all

distributions of size d)

« if we normalize H such that H(w',) = 1, then H(%’)) = log, d
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Postulates of quantum mechanics

+ State of 2 quantum sgstem described

bﬂ a clensitg operator p:

pz0, Trlpl=1

« Evolution of a c]uantum sgstem described bﬂ a completelg

Positi\/e and trace~l:>reserving map, called a quantum channel

S Densit9 operators for composite 595tem5 act on tenson-Procluct

Hilbert spaces

2




What is quantum entropg?

- | nspirecl l:)g the classical case, let us take an axiomatic approach




Axiomatic aPProach to quantum entropg

Two axioms:

1Y His an uncertaintg measure

2) Ac]clitivitg: H(p ® 0) =H(p) + H(o)




Quantum mixing oPeration

o M 1s 3 quantum mixing oPeration fitis a channel that preserves

the uniform state: M, =u,




Uncertaintg measure

A function fis an uncertainty measure for a quantum state p it

D It does not decrease under action of a c]uantum mixing operation:

f(p) < (A (p))

2) It is invariant under embeclclings: f(p) =f(p b 0)
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Axiomatic aPProach to quantum entropg

Two axioms:

1Y His an uncertaintg measure

2) Ac]clitivitg: H(p ® 0) =H(p) + H(o)




Consequences of axioms

o His non~negative for all quantum states and equal to zero for

pure states

« H is maximal for uniform state u , of dimension d (@among all

distributions of size d)

« if we normalize H such that Hu,) = 1, then H(u,) = log, d




I:ormulas ?or quantum eﬂtropg

* von Neumann entropy H(p) = = Tr[plog, p]

log, Tr[p?], where a € (0,1) U (1,00)

28 Rengi entropg H (p) = :
—a




Prelude to quantum conditional entropg

+ Conditional entropg is defined for a bipartite state

o Betore getting to it, let us discuss the Pnenomenon of quantum
entanglement and features of it that clistinguisn it from the

classical case of bivariate distributions
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What is entanglement’?

- Strong correlation that two Parties can share

* K<-39 Phenomenon that clistinguishes the

classical and quantum theories of information

o Useful for telel:)ortation and quantum keg
distribution

' Quantum entanglement 8788 |

| R Horodecki, P Horodecki, M Horodecki, K Horodecki
| Reviews of modern physics 81 (2), 865, 2009
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Mathematical definition of entanglement

o A state of systems A and B is entanglecl it it cannot be written as
Z px(x)@){ X Tg
where Px 15 a Prob. distribution and {04}, and {7l arc 5ets of states

* SeParable states can be Preparecl li)g local oPerations and classical

communication (i.e., a classical Proceclure)
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“l would not call that one but rather the characteristic trait of
quantum mechanics, the one that enforces its entire cleparture

from classical lines of thought.

= Ervin Schroeclinger, 95




“Another way of exPressing the Peculiar situation is: the best

Possible knowledge of a whole does not necessarilg include the

best Possible knowleclge of all its parts, even though theg may be

entirelg seParatecl and therefore virtua”y capable of being ‘best
Possibly known,’ .e. of Possessing, each of themJ a representative

of its own.”

— Erwin Schroeclinger) 1955

] y - R T ~ Ao —— . T - e e Y . S ——-— - - = B - .
o e T T T e T T T A e T ST ™ TR s T A e e U s G ooty R A TN P e x Ty P PO T T T e ' s — ——— ——
T TSR O e e AR AT e il et Tt e : . ~ .



b s\ IS~ g

S L atl‘uh»u'a'(ﬁ\".,._‘._. > char .

T et 2 SN

bl <

0y,

DA NN < gy — LA

etk P

B R i o " 0

Basic notation

+ Dirac notation wiclelg used in quantum information:

1

0) = ,
0= g

0
1 =
1= |

o Above are “kets.” Dual vectors are “bras”:

0] =1 o0l (1|=[0 1]
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Basic form of entanglement

o The most basic form is the ebit / Bell state L EPR Pair:
| DTXDT],
where

1
ch)+>AB = \/E(l())A@ 10)p+ 1), ®[1)p)

o Closest classical analog of entanglement s a shared secret l<e3,

due to ConcePt ot monogamy ot entanglement
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Bell state

o The Bell state is what we call a pure state, which we cleﬁnitelg

know and thus should have zero entrol:)9

+ Reduced state of Bob’s sgstem IS a unhcormlg random mixture of

10%(0| and | 1)(1]| and thus should have entropy equal to one bit

° ThusJ the knowledge of the whole is greater than the knowleclge
of the parts, and so the conditional entropy goes negative
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Wiclelg used formulas for conditional entropg

* (iven a bipar‘ci‘ce state p,p:
+ von Neumann conditional entropg H(A \B)p = H(p,p) — H(pp) t )

. Petz~Ren3i conditional entropg

H (A |B) = log, Tr[p; (14 ® pé_“)] where a € (0,1) U (1,00)
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Two basic axioms for conditional entropg

Conditional entropg H is a function that is not equal to the zero

function and

D is a conditional uncertaintg measure

2) additive for Procluct states:

PAB; OAsB,
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Conditional mixing oPerations

o Achannel M ,,_ 15 is a conditional mixing operation it for every state

op, there exists a state wy such that M 45 15U, ® 05) =, @ Wy

o That s, conditional miXing, oPerations preserve the set of states of

maximal conditional uncertaintg




Conditional uncertaintg measure

s Letus define a function fto be a conditional uncertainty measure

for a ?Dipartite state p, it

o DIt does not decrease under the action of a conditional mixing

operation: fpap) < (A (psp))

* 2) ltis invariant under a local embeclcling of A

f(pag) = f((Us_ 4 ® idp)(p4p)), where U, (w,) = 0, ® 0is a local
embeclcling

N e m—— S S - T = e I e A S L e - -

B T
e 7 s A B TR PG L P o »o : B
¢ N .




Two basic axioms for conditional entropg

Conditional entropg H is a function that is not equal to the zero

function and

D is a conditional uncertaintg measure

2) additive for Procluct states:

PAB; OAsB,

T T T I e T I et TR < —rr———— A2y _———MW"‘““ T T N By e T A P~y TRETA - e ——— s . e




Consequences of axioms

* H s non-negative for all separable, unentanglecl states
e His canbe negative for some entanglec] states!

+ H reduces to an entropg for Procluct states:
H(A|B), g, = H(py)

s His maximal for {u, ® 6, : 6, € D)




Proot of negative conditional entropg

Construct channel from A, A, B to A, the last of which has dimension |A \2

Channel first discards sgstem A

Then Pemcorms measurement {Qyp, Ip — Pyp} & prepares pure state

LK | it 1st outcome ol

IA’— ‘ 1><1 |A,

CISC

Dtainecléorthogonal state ‘ ‘2
Al-—1

This is a conditional mixing oPeration
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Proot of negative conditional entropy (ctd.)

L e H(A|B)g,  +10g,|A| = HA|B)y, +H(A),.
= HAA|B)g,, g,

< H(A ,),/VABA%A’((DAB@uA)
= H(A")| 1y
= (]
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Summarg

» Formulated an axiomatic aPProach to quantum conditional entropy,

based on two sensible and simple axioms

+ Used these axioms in a simple l:>roo1C to conclude that quantum

conditional entropg 1S negative for certain entanglecl states

. Open qucstion: In our Wor|<, we Provecl that the conditional min-

entropg s a lower bound on any Plausible conditional entropg. We

would like to prove that the conditional ma><~entrol:>9 IS an upper bound
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